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Abstract The modelization of mass transfer through biconnected fractured
porous media is studied by homogenizing the coupling between the Darcyan
percolation and the viscous Stokes flow on their interface governed by the
Beavers-Joseph law. The case of high transmission coeflicients is considered.
The asymptotic behaviour is completely described with the help of the so-
lutions of some specific local problems and of a non homogeneous Neumann
problem defined by the effective permeability tensor.
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1 Introduction

Damaged porosity is the realistic counterpart of the model of porous media
that was successfully recovered by means of homogenization methods based
on formal asymptotic expansions in [19] and later proved in [20] in its main
part, namely the pressure problem. Variants including the influence of cracks
have been studied in [3], [8] based on an adequate choice of the physical model,
see [3]-[5], [11]-[14], [18] where this issue is taken into account. An important
assumption in homogenization theory dealing with porous media is the peri-
odicity of the distribution of inclusions [6], [19], [20], which has given rise to
the periodicity-based two-scale convergence method of the pioneering article
[16] and numerous improvements by [1], [2], [15].
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Darcy’s law results from the homogenization theory applied to a periodic
distribution of solid blocks immersed in a Stokes fluid. The asymptotic anal-
ysis was performed with the help of a restriction operator, which enables a
natural extension of the pressure in the blocks. The next step was to con-
sider transmission problems which proved to be a difficult question to han-
dle in asymptotic analysis. In this direction, we have already studied (see
[10]) the Stokes problem immersed in a porous medium when the interface is
governed by the Beavers-Joseph law. The two-component model is that of a
porous medium perforated by cracks filled with Stokes fluid interacting with
the ambiant porous medium through Beavers-Joseph conditions, in the case
of bounded transfer coefficient. The study is handled by the two-scale conver-
gence method and gives rise to a coupled model between a microscopic Stokes
flow and a macroscopic Darcy law.

We consider here an incompressible viscous fluid flow in a periodically
structured domain consisting of two interowen regions, separated by an inter-
face. The first region represents the system of fissures which form the connected
fracture, where the viscous flow is governed by the Stokes system. The second
region, which may be also connected, stands for a porous structure of a certain
permeability, where the flow is governed by Darcy’s law. These two flows are
coupled on the interface by the Saffman’s variant [18] of the Beavers-Joseph
condition [5], [12] which was confirmed by [11] as the limit of a homogeniza-
tion process. Besides the continuity of the normal component of the velocity, it
imposes the proportionality of the tangential component of the viscous stress.
The local problem has vanishing tangential velocity at the interface, which is
linking both components of the corresponding microscopic cell problem while
being coupled to a macroscopic Darcy law as well. The asymptotic behaviour
is completely described with the help of the solutions of the local problems and
of a non homogeneous Neumann problem defined by an effective permeability
tensor.

The paper is organized as follows. The mathematical problem is presented
in Section 2 along with a priori estimates derived from it. The coupling between
the porous medium submitted to Darcy’s law and the Stokes flow is described
in details in Section 3. In particular, the scalings of both components are linked
through the modelization of the interface which plays an important part in
the asymptotic study. Compactness properties of the sequence of problems
are studied in Section 4. The limit problem is introduced in Theorem 7 of
Section 5 and described thereafter in Theorem 8. It consists of a macroscopic
Darcy system characterized by a permeability tensor having the advantage of
being easily computable through a local cell problem.

2 The properties of the two-connected components structure

Let 2 be an open connected bounded set in RY (N > 2), locally located
on one side of the boundary 02, a Lipschitz manifold composed of a finite
number of connected components.
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Let Y; be a Lipschitz open connected subset of the unit cube Y =]0,1[V,
such that the intersections of 0Yy with Y are reproduced identically on the
opposite faces of the cube without reaching the edges.

Repeating Y by periodicity, we assume that the reunion of all the Yf parts,
denoted by R}, is a connected domain in RY with a boundary of class C?,
such that 9Y7 is Lipschitz-continuous. Defining Yy =Y\ Yf, we assume also
that the reunion of all the Yy parts is a connected domain in RY. We set the
origin of the coordinates system in such a point that there exists 6 > 0 for
which B(0,6) c RY = RY \chv The normal on I' = Y ; NYy, outward with
respect to Yy, is denoted by v.

For any ¢ €]0, 1] we denote

Z.={kecZN, ek+eY C 2} (2.1)

I.={ke€Z, cktee,+cY C 2 Viecl N} (2.2)

where ¢e; are the unit vectors of the canonical basis in RY.
Finally, we define the system of fissures by

2.5 =int (UkeIE (ek + €Yf)) (2.3)

and the porous matrix of our structure by 2.4 = Q\!_ng. The interface between
the porous blocks and the fluid is denoted by I, = 02.¢.

Obviously, {2., and {2,y are connected and the fracture ratios of this struc-
ture have the property: [£2.f|/|2| = m = |Y}| €]0, 1], when € — 0.

A useful property of the present structure is the existence of a bounded
extension operator (see [17]) similar to that introduced in [6] (see also [7]) in
the case of isolated fractures.

Theorem 1 There exists an extension operator P- : H'(£2.5) — H(£2) such
that
Pu=u in 2y (2.4)

|€(PEU)|L2(Q) < C|e(u)\L2(QEf), Yu € Hl(st) (25)

where C' is independent of €.
For any h € {s, f}, we recall the main inequalities that hold here.
Lemma 1 There exists C' > 0 independent of € such that

|U|L2(_Qaf) < C€‘VU|L2(Q Yu € H(}(Qaf) (26)

)
|U‘L2(Qgﬁ) S C(€|VU|L2(QES) + 81/2|U‘L2(3_QES) ) s Yu € Hl(Qgs) (27)

Theorem 2 There exists C' > 0 independent of € such that

C
IPlL2 (0 /R < ;|VP|H—1(QE,L)7 Vp € L*(£2:1). (2.8)
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Corollary 1 There exists C > 0 independent of € such that
Ple2(aym < CIVDlL2a.,), VP € H (). (2.9)

x
Denoting xon(z) = xn (f), where Xy, is the characteristic function of Y}, in
€

Y, h € {s, f}, we have a specific compactness result (see [17]) for the pressure
type estimates in H 1 (£2.¢).

Theorem 3 For every e €]0,1[, let ¢ € L?(£2.¢), such that for some constant

C > 0 there hold:
/ q°(x) dx
5

|Vq5|H71(QEf) < Ce, Ve 6]07 1[ (211)

<C, Ve€lo,1]. (2.10)

Then, there exists ¢ € L?(£2) such that, on some subsequence:

2
Xefq® — Xr4q- (2.12)

3 The coupled Darcy-Stokes percolation

A model of fluid flow through a fractured porous medium is associated to
our structure by assuming that there is a filtration flow in (2.5 obeying the
Darcy’s law and that there is a viscous flow in 2.y governed by the Stokes
system. These two flows are coupled by a Saffman’s variant [18] of the Beavers-
Joseph condition [5], [12]. The system is completed by an impermeability con-
dition on 0£2:

divu® =0 in £ (3.1)
AUt =g —Vp*™ in 2, geclL*) (3.2)
Ufjf = —p o +e%ei;(wf) in oy (3.3)
0 .
—ajjafjf =g, in (2 (3.4)

ES £

vt =0

on I, (3.5)

p*ovf + O’ijl/j- +eac(u — (v )E)=0 on I, r<1 (3.6)

u*-n=0 on 02, n theoutward normal on 0f2, (3.7)

where u®*, v/ and p**, p°/ stand for the corresponding velocities and pres-
sures,

per

A%(z) = A (7) , Ac (€ (Y)NN coercive, symmetric (3.8)

af(z) =a (g) >ap >0, acC, (Y) (3.9)

per
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and e(v) denotes the symmetric tensor of the velocity gradient defined by

()_1 8U1‘+61}j
=9\ 0x; " 0m; )

As usual, we use the notations:

Hy(div, 2) = {v € H(div,2), v-n=0 on 002} (3.10)
13(2) = {p e I2(92), /Q p=0} (3.11)
Vo(div, 2) = {v € Ho(div, ), divu=0 in £} (3.12)

Next, we define
H. = {v € Hy(div,2), ve& H (2.5}, (3.13)
the Hilbert space endowed with the scalar product

(u,v) m, :/u-v—l—/ divu divv—|—€2/ e(u) e(v)—l—e’/(veu—(’yﬁu)u‘g)vsv, (3.14)
2es Qe Q

ef Fs

where 7° and v; denote respectively the trace and the normal trace opera-
tors on I, while v* is the normal on I}, outward with respect to {2.¢. The
corresponding subspace of incompressible velocities is

V. = {veVy(div,2), veH (24N} (3.15)
Via the corresponding Korn inequality, we obtain a specific inequality:
Lemma 2 There exists some constant C' > 0, independent of €, such that
|U|L2(Q€f)+€|vu|L2(Q€f) < Clulpg., Yue€ H.. (3.16)

Looking for the variational formulation of the problem (3.1)—(3.7), we de-
fine for any u,v € H. and q € L3(12)

0. (u,v) ::/Q:Fuw—&-az/n e(w) : e(v) —|—€%as('ysu— () - AFu (3.17)

ef €

be(q,v) := —/Qq divw. (3.18)

We see that if the pair (u®, p®) is a smooth solution of the problem (3.1)—(3.7),
then it is also a solution of the following problem:
To find (uf,p®) € H. x L3(§2) such that

ac(u®,v) + b (p¥,v) = / g -v, YveH,, (3.19)
Q

be(q,uf) =0, Yqe Li(9). (3.20)
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Theorem 4 There exists a unique pair (u®,p°) € H. x L(§2) solution of
(3.19)-(3.20).
Proof. As H}(£2) is obviously included in H., the following inf-sup condition
is easily satisfied by b.:
b
4Ct > 0 such that inf sup _bela,v) > C1.
g€ L3(2) ver. |v|m.|q|L2(2)
The positivity conditions (3.8) and (3.9) imply that
3C5 >0 such that ac(v,v) > C5lv|}., Vv € H.,

that is the V.-ellipticity of a.. As we also have

Vo={veH., begv)=0, VgeLi()}, (3.21)
the proof is completed by Corollary 4.1, Ch. 1 of [9]. [ |

4 A priori estimates and two-scale convergences

From now on, for any function ¢ defined on {2xY we shall use the notations

. 1
" =ploxy,, "= e(,y)dy, hes, f}, (4.1)
IYal Jy,
o= [ ety thatis §=(1-m)g*+mp!. (42)
Y

Also, for any sequence (¢%)., bounded in L?(2 x Y), we denote

2
F =

iff ¢ is two-scale convergent to ¢ € L%(£2 x Y) in the sense of [2].
As usual, the asymptotic study starts by the search of a priori estimates
of the velocity. Noticing that u® € V, and setting v = «® in (3.19) we get

[, < Clu|p20) (4.3)
and therefore:
W20, S Oy ele(u)izia.) <O ePiulran) < C (4.4)
where, for any v € H'(£.;), we define v2v € HY/2(I.) by

Yrv = "v — (o)t (4.5)

€

We find that (xesu®)e, (xefu®)e and (5X5fgz_) are bounded in (L%(£2))",

Vi € {1,2,---,N}. Using the compacity results of [16], Ju € L*(2 xY)" such

that, on some subsequence

u 2y (4.6)
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exer Vg EN Vyu; (4.7)
u — @ € Vo(div, 2) weakly in  L*(02)V. (4.8)
Moreover, denoting
Hyor(div,Y) = {p € Hipe(div,RY), ¢ is Y-periodic} (4.9)
H (Yy)={p€ HIIOC(R?), ¢ is Y-periodic} (4.10)

we can sum the convergence results obtained until now by

Theorem 5 There exists u € L?(£2, Hper (div,Y)) with the properties:

u e L?(Q,H) . (Yp)Y), @€H(div, 2), (4.11)
divyu=0 in 2xY, (4.12)
divi=0 1in {2, (4.13)

such that the convergences (4.6) and (4.7) hold on some subsequence.

Next, we look for a priori estimates of the pressure. For this, set v € H. in
(3.19)—(3.20) such that

veHy(2)Y and v=0 in (. (4.14)
Using the classical L? decomposition, we find that Jp** € H'({2.,) such that
Vp™® = A%u® — ¢° € LQ(QES) (4.15)

and recalling (4.4), we find that there exists C' > 0, independent of ¢, such
that
‘vp68|L2(st) S C (416)

Consequently, using Corollary 1 we have also
Ip** = p°*|r2(0..) £ C, C >0 independent of €. (4.17)

It remains to estimate p°°, and implicitly p°/, as p° = 0. We remark here that

for any v € H. we get
(pss _}558) diV'U +/

2]
I
| €f| I N Q5

+ Afuv + 52/ e(u®) : e(v) + e’:‘r/ af uf(v — (yov)ve). (4.18)
s ey I

(™ —p) dive - / gu+
(9]

es

In oder to conclude, we need a proper test function. For this, let € Hg (V)N

such that § = v on I'. Next, we define 6° € H(2)V by

0 (f) for z € Q. =int (Uper, (ek +eY))
0° (z) = ¢ (4.19)
0 forz € 2\ O
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Setting v = €6° in (4.18), we finally get
P71 < O~ (1+16%] 1)) s (4.20)

that is,
(]588)5 and (ﬁaf)s are bounded. (421)

Consequently, there exists C' > 0 independent of €, such that
IP**|H1(0.) < C (4.22)

and using the compactness results of [2], there exists p* € H'(§2) such that

XesP® N Xsp°, on some subsequence. (4.23)

Next, we set 1 € H, in (3.19)—(3.20) such that ¢» = 0 in (2.4. It follows
that Ip=f € L2(£2.;) such that

(Vo D)o, = € /Q e(u) e(ap) — /Q G, Ve Hi(Qep)N. (4.24)
ef ef

Consequently, recalling (4.4) and (4.21) we find that 3C' > 0, independent of
€, such that
|Vp€f|H71(QEf) < Ce. (425)

In the light of (4.21), (4.25) and applying Theorem 3 we find that there exists
pf € L*($2) such that

Xefp© 2 Xfpf, on some subsequence. (4.26)
Lemma 3 The limits in (4.23) and (4.26) satisfy:

pl =p* in L*(N). (4.27)
Proof. Let ¢ € D(R2), ¥ € €32, (Y)Y such that

Y= (nwY)yr on I and /nyyw;éo_

Set

vi(0) = ep(@)i (2), Vie{l- N},

in the variational formulation (3.19)—(3.20). Passing to the limit as ¢ — 0, we
obtain

[wvdo [ @)~ p@)etade = 0. Yo € D),
r 0
which concludes the proof. [ ]

The convergence results concerning the pressure can be summed up by

Theorem 6 There exists p € H'(2) := L2(2) N H'(2) such that on some
subsequence we have

p° = p. (4.28)
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A characteristic property issued from the Beavers-Joseph transfer condition
is given by

Lemma 4 The limit u satisfies:
yul = (pully on Q2 xT. (4.29)

Proof. For ¢ € D(£2, H},.(Ys)™) we define

I(p)=¢ / o (e — (Vo0)). (4.30)

I,
As a and I are assumed smooth enough, there exists @ € C*(£2, C1, (Yy)) VN
such that

Pij(2,y) = a(y)(pi(z, y) = (p(x,y) - v(y))vi(y))v;(y) on QxI. (4.31)

Using the notation
T () = & (a; f) , (4.32)
we find that

I.(p) = 5/ Qjuzvido =
90.¢

095\ © b, \ ° €
:/ < J) u§+s/ <a J) u§+s/ gz, 04 (4.33)
2.\ 9y; .\ Oz 0., 70x;

and a direct computation yields
0P, ol
lim 7, (@):/ Dl 4 @y :/ ®ulv; =
e=0 ° axy, \ Oyt Y Oy oxy,

- /Q el e — (). (4.34)

Setting v = !~ "¢ as test function in (3.19) and passing to the limit with
e — 0 we find that

lim I.(¢) =0 (4.35)
e—0
that is,
/Q o (e = () = 0. Vo € DR HLL (YY), (436)
X

which yields the result. [ ]
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5 The two-scale homogenized problem

Here we find the so-called two-scale homogenized problem, verified by the
limits v and p, given by Theorems 5 and 6. By proving that this problem is
well-posed, it turns out that all the convergences in Theorems 5, 6 and so
forth hold on the entire sequence. We conclude that the asymptotic behaviour
of (u®,p®) is completely described by (u,p), the unique solution of the homog-
enized problem.

Denoting

Y0 =0 — (wo)y, Yo e HY(Y;), (5.1)

we introduce the Hilbert space

X = {v € L3, Hper(div,Y), v/ € L2(02, H} . (Y})N), ©€ Ho(div, 2),

per
divyo=0 in 2xY, vov/ =0 on 2xTI}, (52)

endowed with the scalar product

(u,)x = / u-p —l—/ diva divg —I—/ ey(u):ey (). (5.3)
2XYs 2 XYy
Introducing
Xo={veX, divi=0 in 0}, (5.4)
M = H*(0).
b(g,v) = —/ qdivo, V(q,v) € M x X, (5.6)
o)

we consider the problem:
To find (v,q) € X x M such that

a(v, ) +b(q, ) = /Qg-@, Ve X (5.7)
b(m,v) =0, VmeM (5.8)
where b is given by (5.6) and a is defined by
aw)= [ avp [ )i (59)
2XYs 02xYy

Lemma 5 The problem (5.7)-(5.8) is well-defined.

Proof. First, we notice that
Xo={veX, blqgv)=0, VYge M} (5.10)
As the Xy-ellipticity of a in X is obvious, the proof is completed by Corol-

lary 4.1, Ch.1 of [9], the corresponding inf-sup condition being justified via the
surjectivity of div € L(H(2)N, L3(£2)). |

The fact that (5.7)—(5.8) is the homogenized problem of the present case
is justified below.
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Theorem 7 u and p introduced by Theorems 5 and 6 form a pair (u,p) €
X X M which is the unique solution of the problem (5.7)-(5.8).

Proof. Let p € X ND(42, ngr(Y))N. Denoting, as usual, ¢°(z) = ¢ (x, g),
we can set v(z) = ¢°(z) in (3.19). Passing to the limit with ¢ — 0, taking
advantage of the property v2¢® = 0 by construction and using the two-scale
convergences of Theorems 5 and 6, we obtain:

be(p®, ¢°) — — p (divee) = b(p, @),
2XYs

and
a’E(uev 905) - a‘(uv 90)7
which concludes the proof. [ ]

The solution of the homogenized problem (5.7)—(5.8) has a further de-
scription which takes into account the so-called local problems and effective
coefficients. For this, let us introduce the unique solution of the Darcy-Stokes
system in Y, with the classical normal flow coupling conditions:

For every i € {1,---, N}, w® € W is the solution of the problem:

/YS Aw w—i-/yf ey(w') ey (¢) = /Yibi, Vi e W (5.11)

where

W={w€ Hper(div,Y), w/ € H}

per

(Y)Y divw = 0in Y, y,w! =00n I'}. (5.12)

Next, let ¢ € H'(£2) be the unique solution of the following compatible non-
homogeneous Neumann problem:

div(KVq) =div(Kg) in {2, (5.13)
KVg-n=Kg-n on 012, (5.14)

where K is the symmetric and positive tensor defined by

Kji = / ws. (5.15)
Y

Taking into account that the homogenized problem (5.7)—(5.8) is well-
posed, then by straightforward verification we obtain the complete asymptotic
behaviour of the solution:

Theorem 8 If (u®,p®) € H. x L3(£2) is the solution of (3.19)—(5.20), then

) .
ut A= (gi _ aj) w', (5.16)
c2
P=p=gq (5.17)

where w* € W and q € H'(2) are defined by (5.11) and (5.13)—(5.14).
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