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On the Interpolation of Electromagnetic Near Field
without Prior Knowledge of the Radiating Source

Benjamin Fuchs, Senior Member, IEEE Laurent Le Coq and Marco Donald Migliore, Senior Member, IEEE

Abstract— A method is proposed to interpolate the electromag-
netic near field when no information on the radiating source is
available. In absence of a priori knowledge, general properties
of the electromagnetic field are exploited to estimate the field,
namely the minimum complexity of the field and the continuity of
the first derivatives. These properties are enforced by minimizing
the nuclear norm and using the Thin Plate Spline interpola-
tion results, respectively. The proposed procedure is validated
experimentally by interpolating the planar electrical near field
radiated by three antennas. The quality of the interpolation and
its robustness to noise is investigated. Despite its simplicity, the
interpolation method is able to properly estimate the near field
from a random coarse sampling of 2λ. The quality of the near
field interpolation is also confirmed by deriving the far field.
These promising results pave the way for the development of
fast antenna measurement procedures.

Keywords: Antenna measurements, sampling methods, in-
verse problems.

I. INTRODUCTION

Interpolation of electromagnetic field on general manifolds
is a relevant and challenging problem both theoretically
and practically. Most field interpolation or reconstruction
approaches rely on the proper exploitation of some a-priori
information on the electromagnetic source. Broadly speaking,
the stronger the a-priori information on the source is, the easier
the interpolation is. Several powerful techniques exploiting
various a priori on the antennas have been successfully ap-
plied to significantly reduce the number of observed data for
field interpolation and reconstruction purposes. The approach
followed in [1] introduces the shape, position and dimension of
the source as a-priori information in order to obtain a number
of samples that depends on the source geometry. The number
of samples is approximately equal to Σ/(λ/2)2, wherein Σ
is the area of the minimum convex surface surrounding the
source, and λ is the free space wavelength. A sampling method
for array diagnostic was proposed in [2]–[4]. The approach,
based on compressed sensing/sparse recovery techniques, al-
lows to reduce significantly of the number of measurements,
that is then not a function of the source but only of the number
of failures of the array. In [5], numerical simulations of the
Antenna Under Test are used to obtain a proper basis for the
radiated field, allowing a large reduction of the samples.

However, in many realistic and practical scenarios, no
reliable information on the radiating sources are available. This
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is the case when measuring electromagnetic radiation whose
source characteristics cannot be known or seen, e.g. because
of a radome or when the antenna is mounted on a complex
structure contributing to the radiation.
This paper is a first attempt to investigate the interpolation of
the electromagnetic near field radiated by completely unknown
sources. This interpolation is not exact since the amount of
available information is not sufficient to perfectly reconstruct
the field, and the problem at hand is rather the estimation of
the field distribution from incomplete and noisy data.
The solution of this ‘interpolation’ problem without a priori
knowledge uses the weighted minimization of two norms that
embody some general properties of any electromagnetic field.
We first minimize the nuclear norm of the matrix collecting the
values of the field on a uniform observation grid. Physically,
it amounts to select the field having ‘minimum complexity’
which is a reasonable assumption in presence of uncertainty
on the data and no knowledge on the electromagnetic source.
The measure of the linear complexity of the field is given by
the rank of the matrix whose entries are the values of this field
on the observation surface, as detailed in [6].
The second term is the `2-norm of the difference between
the field on the rectangular grid and an estimation of the
field obtained by the Thin Plate Spline (TPS) interpolation
algorithm [7], [8]. Despite its simplicity and efficiency, the
TPS technique is the one providing the best field interpolation
results among the interpolation schemes investigated by the
authors. It is a generalization of the 1-dimensional cubic
splines to the two-dimensional space. The values obtained by
the TPS interpolation are considered affected by uncertainty,
therefore they are weighted in the minimization procedure
according to their accuracy.
The proposed interpolation algorithm is applied to experi-
mental data obtained from planar near-field measurements of
various antennas using a reduced set of randomly selected
data. It is useful to stress out that near-field measurements
are used as a test case to show the performance of the
interpolation technique. In principle, this approach can be
applied in any case when the interpolation of electromagnetic
field data without any knowledge on the source is required.

The paper is organized as follows. The interpolation algo-
rithm is described in Section II. The physical meaning of the
proposed regularizers and their limitations are discussed. In
Section III, the proposed interpolation algorithm is applied on
near field planar measurements and experimentally assessed.
Three antennas with various features are considered: a standard
gain horn working at 60 GHz, a Gaussian beam horn working
at 60 GHz and a reflector antenna working at 10 GHz. The in-
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terpolated near fields are compared to the exact data and the far
field patterns are also derived. Conclusions and perspectives
are drawn in Section IV.

II. INTERPOLATION TECHNIQUE

The proposed interpolation algorithm combines two regu-
larizers while the measured field is to be respected up to an
accuracy that depends on the noise level. These two regular-
izers are first described. Their physical meaning, advantages
and drawbacks are discussed before introducing the complete
interpolation algorithm.

A. Interpolation by Nuclear Norm Minimization

Let X ∈ Cm×n be the unknown matrix collecting the
electromagnetic field radiated by a source on a given uniform
lattice Ω of dimension m by n. This field is measured at p
positions of Ω (p < m.n) and collected in the vector e ∈ Cp.
In order to estimate the field on each point of Ω we use the
following rank minimization algorithm:

min
X∈Cm×n

rank(X) subject to ‖A(X)− e‖2 ≤ ε (1)

where A is the linear map: Cm×n → Cp that selects the p
measured points among the m.n sampling points of Ω, and
where the parameter ε depends on the noise level affecting
the measured data e.
The problem (1) is known as matrix completion problem [9].
In general, Eq. (1) is a challenging non-convex optimization
problem for which all known finite time algorithms have at
least doubly exponential running times in both theory and
practice. A recent heuristic introduced in [10] minimizes the
nuclear norm, or the sum of the singular values of the matrix,
over the constraint set. The nuclear norm of a matrix X of
rank r reads:

‖X‖∗ =

r∑
k=1

σk(X) (2)

where σk(X) denotes the k-th largest singular value of X.
This heuristic is a good convex surrogate of the rank function
as detailed in [10], [11]. Whereas the rank function counts the
number of non-zero singular values, the nuclear norm sums
their amplitude. In some sense, the nuclear norm is to the
rank functional what the convex `1-norm is to the `0-norm in
the sparse recovery area. This interesting analogy between the
matrix rank and nuclear norm minimization problems and the
vector sparsity and `1 norm problems is detailed in [12].
The problem (1) can thus be approximated using the heuristic
optimization:

min
X∈Cm×n

‖X‖∗ subject to ‖A(X)− e‖2 ≤ ε (3)

For a general matrix X ∈ Cm×n, which may not be positive
definite or even symmetric, the nuclear norm heuristic can be
expressed in a positive semidefinite form [10] and the problem

(3) is then equivalent to:

min
X,Y,Z

Tr(Y) + Tr(Z) (4)

subject to

 ‖A(X)− e‖2 ≤ ε[
Y X
X∗ Z

]
� 0

.

where Y and Z are Hermitian matrices of dimension m×m
and n× n respectively. Any semidefinite programming solver
can be used to find the best solutions of (4). We use the
software CVX [13] that calls an interior point optimizer. The
lines of code to solve (4) are given in Appendix A.
Solving (4) amounts to find the minimum rank matrix X, i.e.
the simplest representation, compatible with the available data.
The physical meaning of this choice is related to the ‘complex-
ity’ of the electromagnetic source radiating the field. In order
to clarify this point, let us consider the radiation operator F
(compact under quite general hypothesis) relating the currents
on the unknown source to the field on the observation domain
[14]–[16]. The effective rank of F is called the Number of
Degrees of the Field (NDF), it corresponds to the effective
number of dimensions of the range of F . The NDF depends
on the electrical dimension of the source, its shape and the
observation domain, as detailed in [17]. Broadly speaking, the
higher the NDF is, the more ‘complex’ the field radiated
by the source is, wherein the complexity is measured by the
number of basis required to represent the field, as explained
in [6].
As an illustrative example, let us consider a 2a × 2a square
planar current source having constant amplitude and phase that
is placed at a distance d from a 2L× 2L observation domain,
see Fig. 1(c). The variation of the NDF versus a/λ is plotted
as red circles versus d in Fig. 1(a). The values are normalized
in order to range from 0 to 1 when a/λ varies from 1 to 5. As
expected, the NDF increases with the electrical dimension of
the source. Let us consider the radiated field E(x, y) on the
observation domain. We plot the variation of the normalized
nuclear norm (a good approximation of the rank) of E(x, y),
blue curve of Fig. 1(a). The normalized NDF and nuclear norm
of E(x, y) behave similarly. This trend is confirmed when
investigating the influence of the distance d between the source
and the observation domain as shown in Fig. 1(b).
Accordingly, in absence of a-priori information on the source
(such as its electrical dimension), the interpolation found
by the nuclear norm minimization (4) is associated to the
‘simplest’ electromagnetic source.

B. Thin Plate Spline Interpolation

The Thin Plate Spline (TPS) belongs to the class of polyhar-
monic splines and is the mathematical version of the physical
spline used the last century: a thin wooden strip hold in place
at a number of points that represent ‘known values’. The
strip assumes the shape that minimizes the total strain energy,
giving an interpolation curve belonging to the C1 continuity
class, i.e. continuous with its first partial derivatives. The TPS
has the same physical interpretation. Let us consider a thin
metallic plate that is slightly bent so that its deflection f(r),
r = (x, y) is constraint to assume height zi in a discrete set
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Fig. 1. Variation of the NDF (red points) and of the nuclear norm (blue curve) versus (a) the length 2a of the side of a square source; d = 5λ; L = 20λ
and (b) the distance d between the source and the observation domain; 2a = 2λ; L = 20λ. The plotted quantities are normalized to range between 0 and
1. (c) Representation of the geometry of the problem with the associated notations.

of points ri = (xi, yi), i.e. f(ri) = zi, i = 1, ..., n. The form
of the metallic plate will minimize the bending energy [18]:∫∫

R2

(
∂2f

∂x2
+ 2

∂2f

∂x∂y
+
∂2f

∂y2

)
dxdy (5)

From a numerical point of view, the interpolation function
f(r) is obtained efficiently by solving a linear system. Let us
represent the thin plate interpolation f(r) as a superposition
of radial basis functions Φ(r) weighted by some coefficients
ci:

f(r) =

p∑
i=1

ciΦ(|r− ri|). (6)

The radial basis functions Φ(r) = −r2 log(r2), r =√
x2 + y2, are the Green’s functions of the biharmonic op-

erator ∇4. The coefficients ci are obtained solving the square
linear system:

ek =

p∑
i=1

ciΦ(|rk − ri|), k = 1, ..., p (7)

where ek are the known values of the field at the positions
rk. The interpolated values of the field at the positions ri are
ẽi = f(ri), i = 1, ..,m.n− p.

C. Interpolation Algorithm

The proposed algorithm combines the two previously de-
scribed interpolation techniques.
The nuclear norm minimization (4) tends to underestimate the
value of the field when an important sequence of adjacent
data are missing. Consequently, the interpolation by nuclear
norm minimization behaves well until a ‘phase transition’
value after which the probability of having a sequence of
missed values becomes important, inducing a fast increase of
the interpolation error. To overcome this drawback, we use the
field interpolated via the TPS using (6) and (7) and denoted
ẽ. We consider the values of ẽ that are significantly higher
than the noise level more reliable and use accordingly weights
proportional to the amplitude of ẽ. The proposed interpolation

algorithm is then:

min
X∈Cm×n

‖X‖∗ + α‖W(Ac(X)− ẽ )‖2 (8)

subject to ‖A(X)− e‖2 ≤ ε

The linear map Ac: Cm×n → Cm.n−p selects the m.n − p
points that are not measured on Ω. The diagonal matrix W
contains the weights (Wi,i = |ẽi|−1) and the scalar α > 0 is
the regularization parameter. Its choice, a well known issue in
regularization problems, is discussed in Section III-C. It can
be made by tracing out the trade-off curve varying α over
(0,+∞).
It is important to note that the algorithm treats in a different
way the data measured on the uniform lattice, that are associ-
ated to an explicit constraint fixed by the measurement noise
level, and the data interpolated via TPS.

III. EXPERIMENTAL RESULTS

The goal is to interpolate from only p measurements made
at random positions on a uniform grid Ω, the electromagnetic
field at the m.n points of Ω where m.n > p. To measure
the decimation of the field, we compute the sampling step
between measurement points defined as the average cartesian
distance between measurement points. In order to guarantee
the randomness of the field measurement positions, all pre-
sented results are averaged values over 10 simulations.
The exact and interpolated electromagnetic fields are the
complex matrices X and X̃ of dimension m×n, respectively.
The quality of the interpolation is assessed by computing
the relative error between the exact and interpolated fields as
follows:

ε(X, X̃) =
‖X− X̃‖F
‖X‖F

(9)

where ‖.‖F stands for the Frobenius norm.
Moreover and despite considering experimental data already
corrupted by measurement noise, the robustness of the in-
terpolation with respect to noise is evaluated by adding a
white Gaussian noise to the measured data: en = e + n.
The level of the noise is quantified by the Signal-to-Noise
Ratio (SNR) that is defined from the maximum received field



4

0.5 1 1.5 2

sampling step [λ]

in
te

rp
o
la

ti
o
n
 e

rr
o
r 

[%
]

20 40 60 80 100

SNR [dB]

in
te

rp
o
la

ti
o
n
 e

rr
o
r 

[%
]

(a) (b)

0

10

20

30

Splines

Low rank

Low rank + Splines

0

10

20

30

40

Splines

Low rank + Splines

Fig. 2. Interpolation results of the near field radiated by a standard gain horn at 60 GHz. Relative interpolation error as a function of (a) the average sampling
step (in absence of noise) and (b) the SNR (for an average sampling step of 1λ) for the spline interpolation and the proposed approach.
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Fig. 4. (a,b) Far field patterns of the standard gain horn in both E- and H- planes computed from the exact near field (dashed line) and the interpolated one
(solid line) in the case of a sampling step of 2λ.

magnitude in order to fit with the dynamic range measure-
ment: SNRdB = 10 log10(Psignal/Pnoise), where Psignal is the
maximum measured power. The bound ε of the data fitting
constraint in (8), is chosen to be equal to 1.1‖n‖2 in all
simulations. The interpolation algorithm (8) is now applied
on the measured data of three antennas.

A. Standard Gain Horn in V-Band

We consider a Standard Gain Horn in V-band and measure
its electrical near field radiated at 60 GHz. The sampling points
are taken on a plane at a height of 5λ from the horn aperture
on a square grid of side 16λ.

The interpolation errors (9) are plotted in Fig. 2(a) as a
function of the sampling step when applying the TPS, the
low rank (4) and the proposed interpolation approach. The
proposed interpolation approach (8) is the one providing
the best interpolation results. Note that the ‘smooth’ field
distribution (visible Fig. 3(b)) makes the low rank interpolation
more efficient than the TPS technique. Besides, the proposed
interpolation approach is relatively robust to noise as shown
Fig. 2(b).The mappings of the electric near field magnitude
(measured, exact and interpolated using (8)) are plotted in Fig.
3. Despite a very coarse random near field sampling (step of
2λ), the interpolation seems to work well. This impression is
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Fig. 7. (a,b) Far field patterns of a Gaussian beam horn in both E- and H- planes at 60 GHz computed from the exact near field (dashed line) and the
interpolated one (solid line) in the case of a sampling step of 2λ.

confirmed when computing the far field plotted in Fig. 4, the
main beam is well approached using the interpolated results
which validates the proposed approach. It means that 4 times
less points than the classical half wavelength sampling can be
used to properly characterize this antenna without the use of
any a priori information.

B. Gaussian Beam Horn in V-Band

The same figures are used to assess the proposed interpo-
lation scheme on a different antenna, a Gaussian beam horn
whose field is sampled at 60 GHz at a height of 5λ. Its near

field is more focused than the standard gain horn as visible in
Fig. 6(b). Consequently, the splines interpolation turns out to
outperform the low rank interpolation as reported in Fig. 5(a)
and the low rank minimization do not bring any improvement
to the interpolation in this case.The proposed interpolation
approach is also robust to noise as plotted in Fig. 5(b). The
near field interpolation results are shown in Fig. 6 in the case
of a coarse field sampling of 2λ. The far field computation
results, plotted in Fig 7, confirm the quality of the interpolation
despite this very coarse field sampling.
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Fig. 10. (a,b) Far field patterns of a reflector antenna in both E- and H- planes at 10 GHz computed from the exact near field (dashed line) and the interpolated
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C. Reflector Antenna in X-Band

A reflector antenna of diameter 9λ at 10 GHz is now consid-
ered. Its near field is sampled at a height of 7λ. The proposed
approach combines the advantages of the low rank and splines
interpolation as shown in Fig. 8(a) to provide a low sampling
error for all sampling step despite the relatively ‘complex’
near field distribution (see Fig. 9(b)). The interpolation error
degrades gracefully as the noise increases as reported in Fig.
8(b).The trade-off curve is plotted in Fig. 8(c). The two terms
in the objective of (8) are reported as α varies from 10−2

to 102. The lowest interpolation error is achieved when the

curve has the maximum curvature as typically observed in
similar situations. The near field mappings and far field pattern
plottings from these mappings are plotted in Fig. 9 and 10
respectively. They validate the good interpolation results.

IV. CONCLUSION

A method to interpolate the near-field distribution of anten-
nas without a-priori information from random sampling mea-
surements is proposed. The method is based on the weighted
minimization of two terms, the residual error between the
measured data and an estimation of the field obtained using
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the thin plate spline, and the nuclear norm of the field. These
norms translate some general properties of any electromagnetic
field, namely the continuity of its first derivatives and the
minimization of its complexity, respectively. The proposed
interpolation algorithm is fast, simple to implement and robust
towards strong undersampling and noise as experimentally
confirmed on three different kind of antennas working at V-
and X- bands. It is worth noting that the method has been
tested from a highly-reduced random set of data to show its
potential in critical cases. Note that the proposed near field is
not limited to planar near field as it can be straightforwardly
applied to cylindrical, spherical, polar and bi-polar sampling
grid, allowing a simple and fast interpolation when the full set
of data is not available and no a priori on the antenna can be
exploited.
The application of the proposed approach to interpolate the
electromagnetic far field is currently under investigation.

APPENDIX I
A CVX CODE FOR MATRIX COMPLETION

% Inputs
% (m,n): dimensions of the unknown field matrix X
% e: measured field at p random locations
% epsilon: upper bound value
% ind: vector of the p measurement indices among the m.n
field samples

cvx begin
variable X(m,n) complex
variable Y(m,n) hermitian
variable Z(m,n) hermitian
minimize( trace(Y) + trace(Z) )
subject to
norm( X(ind)-e ,2) <= epsilon;
[Y,X;X’,Z] >= 0;

cvx end
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