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Abstract  

It has been more than two decades since the discovery of nanofluids-mixtures of common liquids and 

solid nanoparticles less than 100 nm in size. As a type of colloidal suspension, nanofluids are typically 

employed as heat transfer fluids due to their favorable thermal and fluid properties. There have been 

numerous numerical studies of nanofluids in recent years (more than 1000 in both 2016 and 2017, 

based on Scopus statistics). Due to the small size and large numbers of nanoparticles that interact with 

the surrounding fluid in nanofluid flows, it has been a major challenge to capture both the macro-scale 

and the nano-scale effects of these systems without incurring extraordinarily high computational costs. 

To help understand the state of the art in modeling nanofluids and to discuss the challenges that 

remain in this field, the present article reviews the latest developments in modeling of nanofluid flows 

and heat transfer with an emphasis on 3D simulations. In part I, a brief overview of nanofluids 

(fabrication, applications, and their achievable thermo-physical properties) will be presented first. 

Next, various forces that exist in particulate flows such as drag, lift (Magnus and Saffman), Brownian, 

thermophoretic, van der Waals, and electrostatic double layer forces and their significance in 

nanofluid flows are discussed. Afterwards, the main models used to calculate the thermophysical 

properties of nanofluids are reviewed. This will be followed with the description of the main physical 

models presented for nanofluid flows and heat transfer, from single-phase to Eulerian and Lagrangian 

two-phase models. In part II, various computational fluid dynamics (CFD) techniques will be 

presented. Next, the latest studies on 3D simulation of nanofluid flow in various regimes and 

configurations are reviewed. The present review is expected to be helpful for researchers working on 

numerical simulation of nanofluids and also for scholars who work on experimental aspects of 

nanofluids to understand the underlying physical phenomena occurring during their experiments.   

Keywords: Nanofluids, thermophysical properties, dynamics of nanoparticles, physical models 
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 Preservation of nanofluids for long-term use without aggregation and sedimentation of nanoparticles is 

a challenge.   

 The higher viscosity of nanofluids compared to base fluids leads to increases in required pumping 

power and increases the rate of frictional heating.  

 Use of nanofluids can increase rates of corrosion and erosion of components that come into contact 

with the nanofluids.  

1.5. What is the aim of present review article? 

As mentioned in the section 1.4, one of the challenges of using nanofluids is high cost of production. 

Therefore, it is reasonable that before applying nanofluids in a real situation, the effects of nanofluids 

on the system performance are physically modeled. Up to now, some interesting review articles and 

books have been published on physical modeling of nanofluids, including Refs. [20–27].  

The present article aims to comprehensively investigate the latest developments in modeling of 

nanofluid flow, focusing on physical phenomena affecting the heat and fluid flow of nanofluids. The 

review is presented in two parts. In the present part (part I), various mathematical models and the main 

physical phenomena that affect the heat transfer rate in nanofluid flows are reviewed. In part II, an 

overview of common computational fluid dynamics (CFD) approaches and software used for solving 

nanofluid flows is presented. Finally, three-dimensional studies on modeling of nanofluids are 

reviewed, focusing on differences between 2D and 3D simulations, physical models and solution 

method effects.  Figure 6 summarizes the main questions that the review aims to answer in parts I and 

II. 

 



 

Figuree 6. The mainn questions th
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2. Dynamics of nanoparticle motion in a liquid 

 

Knowledge of the dynamics of nanoparticles in the base liquid is a prerequisite for accurately 

describing the processes of heat transfer in nanofluid flows. There are a wide range of forces that act 

on particles suspended in a fluid, but only a fraction of these forces are significant for nanofluids due 

to the small particle size. In general, forces acting on particles suspended in a fluid include those 

induced by: 

1- The base liquid  

2- Surrounding walls and solid surfaces  

3- Other nanoparticles 

4- External magnetic or electric fields (if any) 

5- An acoustic field (if any) 

Figure 7 summarizes the main acting forces on a general suspended particle in a fluid flow. In 

following sections, we present definitions of forces summarized in Fig. 7 and discuss which ones are 

most important and which ones can be neglected in nanofluid flows.  
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Figure 7. Forces acting on a general particle suspended in a fluid flow by different sources 
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2.1. Forces acting on a nanoparticle by the base liquid  

2.1.1. Drag force 

 

When a spherical nanoparticle with a vector velocity of pV  and a diameter of dp moves through a 

viscous liquid with a velocity of fV  and a viscosity of f , a force opposite to the motion direction of 

the particle due to relative velocity between the particle and the liquid is created which is called “drag 

force”. The drag force based on Stokes law, which is modified by a friction factor (f), is given by [28]: 

            3D p f sd f  F V        (1) 

where s p f V V V  is the particle slip velocity, defined as the relative velocity of the particle with 

respect to the fluid. The friction factor, defined as , takes into account the effects of fluid 

inertia ( , slip flow ( ) and crowding by fluid particles ( ). It should be noted that the Faxen 

effect, which takes into account the non-uniformity effects of the incident fluid velocity profile ( fV ), 

is not included in Eq.(1) because it is generally negligible due to the ultra-fine size of nanoparticles 

[29]. The above equation can be rewritten as: 

2

24
1 Re
2

D
D

p
f s

F
C f

V A
   

(2) 

where DF  is the drag force magnitude, CD is the drag coefficient, Vs is the slip velocity magnitude, A 

is the cross-sectional area of the nanoparticle ( 2 4pd ) and Rep is the particle Reynolds number, 

defined as: 

Re f s p
p

f

V d


 . 
(3) 

It should be noted that setting the friction factor at f = 1 recovers the original Stokes relation. Also, the 

inertial coefficient (  depends on the particle Reynolds number, so for a small particle Reynolds 

number (Rep <1), we can let 1. However, for higher particle Reynolds numbers, in the range of 1-

800 (transition regime), it should be corrected by the Schiller-Naumann relation [30]: 

0.6871 0.15ReI pC    (4) 

The comparison between experimental data and Eq.(4) shows good agreement [28]. Other 

experimental correlations are also suggested for higher Reynolds numbers, but for nanofluid flows the 
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mentioned range for particle Reynolds number is sufficient and higher values are not expected to 

occur. Concerning typical range of particle Reynolds number in nanofluids, Sekrani et al. [31] 

performed a series of numerical simulations for alumina nanoparticles with a size of 47 nm dispersed 

in water with concentrations up to 1.8% under laminar flow (100≤ Re ≤1600) in a 2D channel. They 

indicated that for the range of their simulations, Rep changes between 3.5×10-5 and 6×10-4 (i.e., much 

smaller than 1). The slip velocity magnitude for the experiments of [31] can then be estimated using 

Eq. (3) using the values of water properties.  

As a particle gets very small, the no-slip assumption on the particle surface can begin to break down, 

necessitating a slip correction to the drag force expression. The Knudsen number is a dimensionless 

parameter that determines the significance of slip between particles and the base fluid, and it is defined 

as the ratio of the mean-free-path of fluid molecules to the particle diameter ( pKn d ). The 

Cunningham relation [32] approximates the slip correction coefficient for small Knudsen numbers as 

the following: 

1

1 3.26 CC
Kn




 
(5) 

Slip correction becomes important if Kn exceeds 0.01. For nanoparticle suspensions in a gas, particle 

slip relative to the fluid can be very important. However, for liquid nanofluid flows the slip effect on 

drag is generally not very important due to the small values of mean-free-path in a liquid. The effect of 

crowding by fluid particles is important in fluidized beds and flow through packed beds. This effect 

should not be relevant in dilute fluid flows, as is the case with many nanofluids, for which we can set

1FC  . 

2.1.1.1. Wall effect on drag coefficient  

Here, we consider two cases shown in Figure 8. In the first case, a particle migrates with a low 

Reynolds number (creeping flow) towards a wall, for which case the drag coefficient is given by [33]: 
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where hp stands for the distance between the center of the particle and the wall surface.  

In the case that a particle moves parallel to wall surface, Faxen suggested the following expression to 

calculate the drag coefficient [28]: 
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2.1.2.2. Magnus force 

A rotating particle in a flowing fluid experiences an aerodynamic lift force that was first studied by 

Rubinow and Keller [36], and which is referred to as the Magnus lift force. The rotation may be 

induced by collision between particles with each other or collision between a particle and a wall 

surface. If we again consider a flow in the x-direction, such that the rotational velocity of the particle is 

given by k , where k is the basis unit vector in the z-direction, the Magnus force will be a force in 

the y-direction given by: 

3 11
( / 2)

8LM f p sF d V G


   
 

 
(9) 

Saffman employed an asymptotic analysis to write the total lift force acting on a particle in a shear 

flow is the sum of the Saffman and Magnus forces, or: 

2 1/2 3 11
6.46 ( / 2) ( / ) ( / 2)

8L f p s f f f p sF d V G d V G   


     
 

.
(10) 

 

2.1.2.3. Scale of lift force compared to drag force 

 

 As pointed out in the scaling analysis by Marshall and Li [29], the ratio of the Saffman lift to the fluid 

drag varies in proportion to 2/1ReG  and the ratio of the Magnus lift to the fluid drag force varies in 

proportion to GRe  , where fpfG Gd  /Re 2  is the shear Reynolds number. Since 1Re G  for a 

nanofluid flow, the lift force on the particles is negligible. It is worth noting that the Magnus force is 

much smaller than the Saffman force for nanofluid flows.     

2.1.3. Unsteady Flows Forces 

Unsteady flow forces on particles can be divided into three groups including inertial pressure gradient 

force, added (virtual) mass force, and Basset history force, which are defined as follows.  

2.1.3.1. Inertial pressure gradient force 

 Consider a spherical particle with a diameter of dp and volume of 3

6 pV d


  immersed in a liquid with 

density of f . The force acting on the particle due to pressure gradient is obtained by integration over 

the volume [29]: 
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        F  

(11) 

On the other hand, the momentum equation in simple form is written as: 

  Tf
f f f f

D
p

Dt
         

V
V V  

(12) 

In the above equation, fD DtV  is the material derivative and the viscous term can be neglected for 

high fluid Reynolds numbers, outside the boundary layer, therefore we have: 

f
f

D
p

Dt
  

V
 

(13) 

The final form for the inertial pressure gradient force becomes: 

3( )
6

f
p f p

D
d

Dt


V

F  
  (14) 

One of the important applications in which inertial pressure gradient force appears is in vortex flow 

fields, where it is responsible for drawing particles that are lighter than the surrounding fluid (such as 

gas bubbles) into the vortex core.  

2.1.3.2. Added (Virtual) Mass Force 

 The force acting on an accelerating particle in a liquid is higher than the force acting on the same 

particle in vacuum because of the need to also accelerate the surrounding fluid elements that are set in 

motion by the particle. Added (virtual) mass force is the additional force that is needed to act on a 

particle inside a fluid to change its velocity in comparison with the case in which the particle moves in 

vacuum in an inviscid flow.  It is obtained as [29]: 

3

6
p f

A M f p

d D
c d

dt Dt


      

  

V V
F  

(15)

where Mc is the added mass coefficient and for a sphere is equal to 0.5. The first derivative on the right-

hand side of (15) is the time derivative with respect to the particle, whereas the second derivative is the 

material derivative with respect to the fluid. Although the above equation has been derived for inviscid 

flows, it has been shown to remain accurate also for viscous flows over a wide range of Re numbers.  

2.1.3.3. Basset History Force 

Boussinesq-Basset history force, or simply Basset force (sometimes simply called the 'unsteady drag 

force'), is an unsteady force due to velocity change of a suspended particle in a viscous flow. This force 
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can affect the drift rate of particles significantly in vortex flows.  It is calculated by the following 

equation derived by Boussinesq (1885) and Basset (1888) [29]: 

1/22
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d d d
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F  

 

(16)

where )( tt   is the time delay of the acceleration term.  

2.1.3.4. Scales of Unsteady Flows Forces 

The order of magnitude of the pressure gradient force with respect to the particle inertia is proportional 

to the density ratio  f p  . As the added mass force given by (15) also follows a similar scaling 

relationship. Therefore, the importance of pressure gradient and added (virtual) mass forces become 

more important for nanoparticles with lower density. We will investigate the importance of these two 

forces for different nanofluids. Consider five common nanoparticles including Cu, Al2O3, TiO2, SiO2, 

and CNTs with densities of 8933, 3970, 4250, 2220, and 1350 kg/ m3 [37] and three conventional base 

fluids including ethylene glycol (EG), water, and oil with approximate densities of 1100, 1000 and 900 

kg/m3. The lowest value of f p  =0.1 belongs to Cu/ Oil nanofluid, and the highest value of 

0.81corresponds to CNTs/EG; therefore, for nanofluids such as CNTs/EG the inertial pressure gradient 

and added (virtual) mass forces are not negligible compared to particle inertia. Figure 9 shows the order 

of magnitude of pressure gradient and added (virtual) mass forces with respect to particle inertia for a 

wide range of nanoparticle densities.   
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Figure 9. The order of magnitude of inertial pressure gradient and added (virtual) mass forces with respect to 

particle inertia (proportional with f p   ) for common nanofluids. 

The ratio of the Basset history force to the fluid drag force is given by [29] as:  
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(17) 

 

where sV  is the particle slip velocity. As seen, the Basset history force is negligible in nanofluid flows 

because of the ultrafine size of nanoparticles.  

2.1.4. Brownian force 

 

In 1827, Brown, a botanist, was probably the first one who observed by microscope the collisions 

between grains of pollen of a plant with water molecules which leads to random motion of grains in 

water [38]. In general, Brownian motion (called also pedesis) is defined as the random motion of solid 

particles inside a fluid due to collisions between solid particles and fluid molecules. In nanofluids, heat 

and mass transfer might be enhanced significantly due to micro-convection and mechanical agitation 

which are induced mainly by Brownian motion of nanoparticles in the base fluid [39].  

Figure 10 shows schematically the Brownian motion of a solid particle in a vessel filled with a liquid, 

and the position of the particle versus time. As seen, the position of the particle changes rapidly with 

time, therefore Brownian force is a time-dependent force. In this regard, Li and Ahmadi [40] 

suggested to simulate the Brownian force as a white noise process with zero mean and finite variance. 

They proposed the following equation to obtain the components of Brownian force [40]: 

Bi o
i

p

F S

m t





 

   (18) 

where at every time step, i  is selected from a population of zero mean unit variance Gaussian random 

variable, t is the time-step used for integration of particle equation of motion, and So is a spectral 

intensity function, which is related to the diffusion coefficient and is given as: 
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review three models that have been derived for solid-gas mixtures, but which are sometimes also used 

for solid-liquid mixtures. Epstein [45] was probably the first study that developed a relation for 

particle velocity and force induced by thermophoresis in solid-gas mixtures by considering continuum 

conditions. Epstein [45] obtained the following relationship for the theromophoresis force:   
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(23) 

where Tf  is the mean temperature of the fluid and T  is the fluid temperature gradient, kf and kp are 

respectively the fluid and particle thermal conductivity. According to the Stokes' law, Epstein [45] 

suggested that the steady thermophoretic velocity can be obtained as:  
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In writing this expression, Epstein [45] has assumed that thermophoretic force is the sole resistance 

force that balances the drag force.   

Later, Brock [46] suggested the following expressions for obtaining thermophoretic force and velocity, 

respectively as: 
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where Cs = 0.75, Cm=1.14, and Ct = 2.18. The above equations were obtained by including thermal slip 

at the interface of gas and particles.  

Talbot et al. [47] presented more accurate equations for thermophoretic force and velocity in solid-gas 

mixtures as: 
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where Cs = 1.17, Cm=1.14, and Ct = 2.18. It is noted that the above equations reduce to that of Epstein 

[45] in the limit of vanishing Knudsen number.  

He and Ahmadi [48] proposed a semi-empirical model to account the thermophoresis force (even for 

the non-continuum regimes) with large Knudsen numbers (Kn>1). They modified the equation of Cha-

McCoy-Wood (CMW), calling it the MCMW model, and presented the following relation for the 

thermophoresis force: 

1 2 2
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where dm is the molecular diameter, and α	and	 1 	are given by: 
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As mentioned, the above equations for thermophoretic force were derived for solid-gas mixtures; 

however, Michaelides [49] argued that special relations should be obtained for thermophoretic force in 

solid-liquid mixtures for the following reasons: 

 The Knudsen number (the ratio of mean free path, λ, to particle diameter) should be small 

enough in a solid-liquid mixture so that the continuum assumption is valid. Consequently, the 

size of particles that can be dispersed in liquids via Brownian motion are much smaller than in 

gases because the mean free path for liquid molecules is much less than that of gas molecules 

(e.g. 10air

water




 ).  

  The trend of variations of viscosity with temperature for liquids is the inverse of the trend in 

gases. With increasing temperature, liquid viscosity reduces while in gases the viscosity 

increases with temperature.  
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In this regard, Michaelides [49] suggested the following correlations to obtain thermophoretic force 

and velocity:  

Thermophoretic force: 
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Thermophoretic velocity: 
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(33) 

where 
0

2 pd nm . Also, A and B are constants that have been obtained for 20 different nanofluids [49]. 

Table 1 provides the coefficients of A and B. 

 

 Table 1. Constant coefficients of (A, B) to obtain thermophoretic force for common nanofluids [49]. 

Base fluid 

 

Nanoparticle 

Water Engine Oil Ethylen Glycol R-134 

Aluminum (1264, 1.417) (3.0920, 1.242) (14.615,1.869) (4401,1.774) 

Aluminum Oxide (1227,1434) (7.1026,1.579) (5.1095, 1.621) (6270, 1.819) 

CNTs (945.5, 1.263) (5.8044, 1.445) (3.6765, 1.406) (8580, 1.894) 

Copper (2039, 1.870) (7.1391, 1.724) (2.3558, 1.587) (4191,1.659) 

Gold (3155, 1.799) (6.6483,1.917) (4.2431,1.672) (2721,1.603) 

 

 

2.1.6. Scaling Analysis  

 

A scaling analysis for micrometer-scale particulate flows is given by Marshall and Li [29], and scaling 

analyses for nanofluids are given by Buongiorno [21] and Savithiri et al.[50].  It is generally the case 

for micrometer-scale particulate flows that the particle motion in the fluid, in the absence of collision 

or external electric, magnetic or gravitational fields, is controlled primarily by a balance between 

particle inertia and fluid drag. Other forces, such as added mass force or inertial pressure gradient 

force, can often have the same magnitude as the particle inertia for liquid flows, and for purposes of a 
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scaling analysis these forces are typically lumped in with inertia. In addition to drag and inertia, 

secondary forces such as Saffman and Magnus lift forces, Bassett history force, Brownian force, etc., 

can influence particle motion in a non-negligible way, but are usually smaller than the dominant drag 

and inertia forces.  

For nanometer-scale particulate flows (nanofluids), the fluid drag remains of primary importance, but 

the inertia decreases sufficiently rapidly with particle size that other forces may become of a similar, 

or greater, order of magnitude as the inertia. In examining the relative scale of the fluid forces on the 

nanoparticles, we recall our previous argument that the lift force and the Basset history force are 

negligible for nanofluids due to the very small particle sizes. The particle Reynolds number is small, 

so that the inertial correction to the drag force can be omitted. For liquid nanoparticle flows, usually 

the Knudsen number is also small, so that the slip correction on the drag force can be omitted. 

Furthermore, we will assume that the nanoparticle density is of a similar magnitude to that of the 

surrounding fluid, so that the inertial pressure gradient force and the added mass force are of the same 

order of magnitude as the particle inertia (and these forces are therefore lumped in with inertia for 

simplicity). The two forces of particular interest in nanoparticle flows, with the potential of displacing 

particle inertia in balancing the drag force, are the Brownian force and the thermophoretic force, 

which are examined in more detail below.  

The significance of Brownian force compared to particle inertia is determined by the value of the 

particle Peclet number, pPe , which is defined by 

/p s p BPe V d D . (34) 

In this equation, s p fV  V V  is the particle slip velocity, pd  is the particle diameter, and BD  is the 

Brownian diffusion coefficient given by Eq. (21). The ratio of Brownian force to particle inertia scales 

like [29]: 

 -1/2PeB
p

i

F
O

F
  

(35) 

so that the Brownian force is significant for )1(OPep  . The slip velocity sV  associated with particle 

inertia scales as the product of the fluid free stream velocity U and the Stokes number St. The Stokes 

number is defined as the ratio of the particle time scale p  to the fluid time scale ULf /  , so that 
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where L is a characteristic fluid length scale. Using the estimate )St( UOVs  for slip velocity, the 

particle Peclet number can be written in terms of constant quantities as  

)/St( Bpp DUdOPe  . (37) 

The significance of the thermophoretic force compared to the particle inertia can be assessed by 

equating the force ratio to the ratio of the thermophoretic drift velocity magnitude TV to the inertial slip 

velocity magnitude  sV O StU , giving: 

Re
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O O

F V St U St T

  
          

  
(38) 

where fff UL  /Re   is the Reynolds number of the ambient fluid flow. In writing Eq. (38), we 

made use of the data in Table 1 for the two constants A and B in Eq. (32), which indicates that B = 

O(1) but that A varies in magnitude from O(1) to O(104) for different nanofluids.  

A typical example illustrating the significance of Brownian and thermophoretic forces in nanofluids is 

given by the problem of 10 nm diameter aluminum particles in water, for which Table 1 gives

1264A . We assume a temperature difference 10 fT K, an ambient temperature 300fT K, a 

fluid length scale 1L cm, and a fluid velocity scale 1U m/s. The Brownian diffusion coefficient 

for this problem is 114 10BD   m2/s and the fluid kinematic viscosity is 610f  m2/s. The fluid 

Reynolds number is 410Re f  and the Stokes number is 10105 St . Our estimates Eqs. (35) and 

(38) of the ratio of Brownian force and thermophoretic force to particle inertia yield for this example 
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Both the Brownian force and the thermophoretic force are observed to be significantly larger than the 

particle inertia. For this particular example the thermophoretic force dominates, and would therefore 

balance the drag force to determine the particle motion, but the balance between Brownian and 

thermophoretic force in general depends on the problem details and the materials used. 

The readers may refer to Refs. [21]  and [50] to see more examples of scale analysis.   

2.2. Inter-particle forces 

Interparticle forces become important especially when the number of particles in a specific volume of 

mixture increases, however, if the concentration of particles in the system is small, the interparticle 

forces acting between non-adhesive particles – ignoring agglomeration or aggregation of particles – 

may be safely neglected. Of course in systems of adhesive particles, collisions will eventually occur 

even in dilute suspensions, giving rise to formation of particle agglomerates. In these suspensions of 

adhesive particles, interparticle forces are therefore necessary at all values of the bulk particle 

concentration. In this section, we first study the criterion that determines the range in which 

interparticle forces are negligible in systems of non-adhesive particles, or for short-time computations 

of systems of adhesive particles, and in the next section various interparticle forces are discussed.     

2.2.1. Dilute and dense nanofluids  

 

Based on the solid volume fraction of nanoparticles dispersed in the base fluid, nanofluids (solid-

liquid mixtures) can be classified into two general groups including: diluted and dense [51,52]. Solid 

volume fraction (or nanofluid volume concentration) is defined as the ratio of solid nanoparticles 

volume to the total volume of mixture. Mathematically it can be written as: 

( )Nanoparticle volume
(%) 100

Total volume ( ) ( )
p p

p p f f

m

m m




 
  


 (41) 

A nanofluid can be considered to be a dilute mixture when its volume concentration is less than 0.1% 

[51,52]. Interparticle forces can be safely neglected for a dilute nanofluid provided that adhesive 

forces are not present. For concentrations higher than 0.1% the nanofluid is dense. The dense flow is 

also divided into two groups. When 0.1 (%) 10   collision between particles is dominated and when

10%    contact is dominated in the flow [52]. Due to the heterogeneous distribution of nanoparticles 



29 
 

that may be created by aggregation and sedimentation of nanoparticles, in nanofluid flows we may 

have both dilute and dense flows in different regions of the flow field at the same time. It may be 

interesting to estimate the minimum distance between two spherical nanoparticles in ideal conditions 

so that the suspension is considered dilute (i.e., with almost no collision between particles). For a case 

with two spherical particles with the same diameter (dp) and where the distance between the particle 

centers is lp, the relation between particle diameter, distance between the two particles and volume 

fraction of the nanoparticles is [52]:  

1

3

6
p
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l

d




 
  
 

 

 

(42) 

Based on the definition of dilute flow in which the volume concentration should be less than 0.1% and 

using the above equation we find that the ratio of particle distance to particle diameter ( p

p

l

d
) should be 

more than almost 8 to have a dilute nanofluid. Figure 12 illustrates schematically the concepts of 

dilute and dense flows and the associated range of volume fraction  [52].   
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where zp is the distance between surfaces of two spheres(the shortest distance), and 
1pr and 

2pr are radii 

of spheres. Also, AH is Hamaker constant that depends on the materials of the sphere. If the spheres are 

made from different materials (we face with this in hybrid nanofluids), the coefficient AH is replaced 

by AH 12 so that it is estimated as[28]: 

12 11 22H H HA A A  (44)

where AH 11 is Hamaker constant for the first sphere and AH 22 is Hamaker constant for the second 

sphere. If the two spheres are dispersed in a medium (like a fluid) the Hamaker constant can be 

estimated as: 

  132 11 33 22 33H H H H HA A A A A    (45) 

where  AH 33 is the Hamaker constant for the medium (fluid). Hamaker constant for some materials is 

given in Table 2.  
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Table 2. Hamaker constant for some materials[52].  

Material 

Hamaker constant 

(AH) 

(J×1020) 

Water 4.38 

Al2O3 15.5 

Cu 28.4 

Au 45.5 

 

The van der Waals force between a sphere and a plane can be estimated as [36]: 

26
H p

Van
p

A r
F

z
   

(46) 

The above equations for van der Waals force assume that the particles are perfect spheres. Since the 

van der Waals force acts only over very short distances, even tiny deformation of a sphere upon 

collision can have a significant effect on the van der Waals force. The influence of particle 

deformation is quite important for micrometer-scale and larger particles, but of only moderate 

importance for nanoscale particles. A more extensive review of van der Waals force between 

deforming spheres is given by [18]. The van der Waals force is one of the reasons behind the 

aggregation of particles (since they act mainly as an attractive force); therefore, the stability of 

nanofluids is critically dependent on accurate modeling of this force [53].  

2.2.3. Electrostatic double layer force 

The presence of ions in the base fluid (e.g., electrolytes, such as salt water) can result in the formation 

of an electrical double layer around charged particles. This electrostatic double layer will induce a 
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force of very small range which can be modeled using the Hogg–Healy–Fuerstenau (HHF) formula 

[57]: 
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(47) 

Here EEdl is the particle–particle electrostatic interaction potential energy, 01 02and   are the particle 

surface potentials, ε is the dielectric constant of the solution, and  -1 is the Debye length (double layer 

thickness). The above relation is a good approximation when particle surface potentials are less than 

50-60 mV. The above relation can also be modified to estimate the interaction force between a particle 

and a wall by assuming one of the particle radii tends to infinity. Contrary to the van der Waals force, 

electrostatic double layer forces are repulsive in nature; therefore, they decrease the agglomeration of 

nanoparticles, and, hence, enhance the stability of a nanofluid [53]. 

2.2.4. Other interparticle forces 

 

Other interparticle forces such as steric, electrosteric, depletion, capillary, solvation, structural or 

hydration forces can affect the stability of nanofluids. For example, steric force can prevent the 

aggregation of nanoparticles. Steric force leads to absorption of a layer of organic molecules at the 

surface of particles. Depending on the thickness and density of the layer, attractive forces and 

consequently the aggregation rate reduce [53]. Interested readers may refer to Refs. [53,55,58].  

2.2.5. DLVO theory and nanofluid stability 

 

Based on independent studies of Derjaguin and Landau (1941) and Verwey and Overbeek (1948), a 

quantitative theory known as DLVO was established to demonstrate the stability of colloidal 

dispersions [53,55]. The theory of DLVO combines the effects of two opposite forces i.e. van der 

Waals attraction and the electrostatic double layer repulsion to describe the dispersion stability. Indeed 

in DLVO theory other forces are ignored. Figure 13 (replotted based on a figure given in [53]) shows 

schematically the DLVO theory concept. At the primary minimum point, the amount of attraction 
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The reduced gravity force can be neglected usually in nanofluid flows due to ultrafine size of 

nanoparticles.    

2.3.2. Lorentz force 
If a fluid with an electrical conductivity of  (with dimension of 1/Ω.m) flows in a duct under an 

external electrical field of E and magnetic field of B , a force is applied to elements of the fluid called 

Lorentz force. Lorentz force affects the velocity magnitude and temperature field in the thermal 

equipment. Lorentz force is defined as [59]: 

( )Lz      F J B E V B B  (49) 

In the above, V is fluid velocity vector, and J is current density (with dimension of A/m2). In the case 

of magnetohydrodynamic (MHD) flows, by neglecting the electrical field and assuming that the 

external magnetic field has a constant strength of B0, the Lorentz force simplifies to: 

2
0Lz F B V   (50) 

For MHD flows, a dimensionless number called “Hartmann number” comes into play, which can be 
defined as:  

0 cHa B L



  
(51) 

where Lc is the characteristic length (for example, the diameter of a tube) and  is the viscosity of the 

working fluid.  

For nanofluids, the corresponding electrical conductivity can be calculated based on the Maxwell 

model that is used to calculate the thermal conductivity of nanofluids (See section 3.1.1.1). 

2.3.3. Acoustic radiation force 
The energy of sound waves (acoustic waves) can also be used to enhance the performance of thermal 

systems. The force (time averaged) acting on particles by acoustic waves (e.g., an ultrasound field) is 

called acoustic radiation force [60]. For a particle dispersed in a fluid, the acoustic radiation force is a 

nonlinear function of acoustic pressure, velocity of particle, sound velocity and fluid density [60,61].  
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Many studies have been done to determine the radiation force on particles (either elastic or rigid) in a 

fluid (for example see Refs. [60,61]). However, based on the best knowledge of authors there is no 

CFD study on nanofluid-based systems in which the interaction of radiation force with other forces 

acting on nanoparticles in nanofluid flows has been assessed. However, since the acoustic radiation 

force is proportional to the particle volume, it would be expected to be small compared to forces such 

as drag (that are proportional to the particle diameter) for these very small particle sizes.   

2.4. Other forces 

There are some other forces such as diffusiophoresis, centrifugal, and turbophoresis that may be found 

in the literature. Here, an overview of these forces is given.  

Diffusiophoresis phenomenon happens due to concentration gradients of solution. In this phenomenon, 

due to diffusiophoresis force, nanoparticles migrate from a zone with high concentration to a zone 

with lower concentration. Since diffusiophoresis requires two base fluids, it is not common in 

nanofluid systems (which historically have just one base fluid component [21]).   

Another force included in some studies is the centrifugal force. One should note that centrifugal force 

is related not to the rotation of the particle about a fixed point, but rather to the rotation of the 

reference frame about a fixed point. It is necessary to include the centrifugal force only if 

computations are needed to be done in a rotating reference frame (for example, consider nanofluid on 

a rotating circular disk). If instead, an inertial reference frame is used, the centrifugal force on the 

particle is contained within the particle inertia. The centrifugal force for a coordinate system that 

rotates with an angular velocity of S can be expressed as [62]:  

21f
Cl p S

p

m r



 
    
 

F  
(52) 

where r stands for the position of nanoparticle times the unit vector in the radial direction.  

Turbophoresis is a phenomenon in which the particles tend to migrate towards a region with less 

turbulent fluctuations. Since turbulent fluctuations decrease very close to a wall, the possibility of 

particle sedimentation on the wall increases through this phenomenon [63]. For turbulent flow in a 

pipe, turbophoretic force can be evaluated as[64]:  
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(53) 

in the above, '2
pv  is the particle mean square fluctuation velocity in the normal direction and  

2

18
p p

p
f

d



 is the particle relaxation time as defined earlier.  

    

3. An overview of nanofluids thermophysical properties 
 

In this section, the main models available for thermophysical properties of nanofluids are first 

presented, and then the importance of using proper models in flow and heat transfer simulations is 

highlighted.   

3.1. Thermophysical properties  

3.1.1. Thermal conductivity (knf) 

Thermal conductivity characterizes the ability of a material to conduct heat, and it is measured in units 

of W/mK. The thermal conductivity of nanofluids is generally higher than that of conventional liquids.  

Here, the most used theoretical models and experimental correlations for thermal conductivity 

presented in the literature are reviewed.  

3.1.1.1. Theoretical models 

 

The Maxwell model [65,66] is probably the first model presented for the thermal conductivity nfk  of 

solid-liquid dispersions, where we set 

f
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and fk  and pk  are the thermal conductivities of the base fluid and the nanoparticles, respectively.  

This model is valid for spherical particles with small concentration ( 1 ). 

Bruggeman [65,67] presented the following model by considering interactions between spherical 

particles: 
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(55) 

 

Hamilton and Crosser [68] extended the Maxwell model by including a shape factor as follows: 

 f
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(56) 

where n is the empirical shape factor, determined by
3

n


  
 
in which ψ  is the particle sphericity. The 

sphericity parameter is 1 for spherical particles and it reduces to 0.5 for cylindrical particles. 

It is important to mention that the previous models, valid for large particle sizes and generally 

underestimate the thermal conductivity magnitude compared to real (experimental) data. However, 

they are still widely used in numerical simulations of nanofluid flows. To avoid these discrepancies, 

several attempts have been made to extend or renovate the previous models and take in consideration 

phenomena involved in heat conduction of nanoparticles and nanofluids such as nanolayer, 

nanoparticle interaction, aggregation and Brownian motion.  

The following models are mainly developed for metallic and oxide nanoparticles which are also 

spherical in shape. 

When nanoparticles are dispersed in a liquid, a thin layer of liquid is formed on the surface of 

nanoparticles called the “liquid nanolayer”. Yu and Choi [69] considered this factor to derive a new 

thermal conductivity model as follows:  
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where γ is the ratio of liquid nanolayer thickness to radius of nanoparticles and it is usually assumed to 

be 0.1.  

Xuan et al. [70] presented a model for nanofluid thermal conductivity by considering the aggregation 

and Brownian motion of nanoparticles, giving 

,2 2 ( ) 2

2 ( ) 2 3
nf p f f p p p f B ave

f p f f p f p f

k k k k k c T

k k k k k k d

   
  

  
 

  
 

(58) 

where B  is the Boltzmann constant and dp is nanoparticle diameter. Therefore, based on this model, 

the thermal conductivity of a nanofluid depends on the nanoparticle thermal conductivity, the volume 

fraction of nanoparticles, the temperature of the mixture, the size of the nanoparticles, and the 

properties of the base fluid, including thermal conductivity, viscosity, and specific heat capacity.  

Koo and Kleinstreuer [71] proposed the following model for nanofluid thermal conductivity (known 

as the K-K model): 

Brownianstaticnf kkk   (59) 

This model is composed of two parts, referred to as static and dynamic. The static part ( statick ) has the 

form 

f
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(60) 

The dynamic part accounts for the effect of Brownian motion on nanoparticles ( Browniank ) and is 

calculated by: 

),()(105 4 

 Tf

d

T
ck

pp

B
fpBrownian   (61) 

where and f are two empirical functions and B is the Boltzmann constant.  

Li [72] developed the K-K model by combining functions   and f and replacing it by a single 

function g, which results in the expression 
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where: 
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(63) 

The constants 101 aa  , which may be either positive or negative, are determined based on the type of 

nanoparticle and base liquid.  

Feng and Kleinstreuer [73] presented a more advanced model in which there is no need for any 

empirical function (called the F-K model). This model takes into account the Brownian motion and 

turbulent fluctuation effects. This model is valid for water-based nanofluids containing metal oxide 

nanoparticles with diameter in the interval 30 <dp< 50 nm, volume fractions less than 5%, and 

absolute suspension temperatures lower than 350 K. The F-K model is written as: 

mmstaticnf kkk   (64) 

in which statick is the same as defined earlier in the K-K model and mmk indicates the micro-mixing 

contribution caused by the Brownian motion. The parameter mmk  is given by 
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(65) 

Here, pm is the particle mass. The parameter Cc is constant and equal to 38 for metal-oxide based 

nanofluids. Also, the damping coefficient , natural frequency n , and characteristic time interval p  

are defined as  
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where PPK   shows the magnitude of particle- particle interaction intensity and is estimated by 
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In 2014, Xu and Kleinstreuer [74] proposed a new model that is more accurate than the F-K model 
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and considers the effect of aggregates, it reads as: 

nf static mmk k k 
 

     (68) 

where kstatic reads as 
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In this equation, ka is the effective thermal conductivity of the aggregates, as proposed by Nan  et  al. 

[75]: 
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The thermal conductivity of the aggregate due to dead-end particles, kde, is defined based on the 

Bruggeman model[67]. 

The geometrical factors 11L  and 33L are expressed in [75] as 

   1.52 2 2 1 2
11 2 1 cosh 2 1L p p p p     and 33 111L L   

(71) 

The aspect ratio is g pp R d , and 

    ,  1,3c c
ii ii de de ii ii dek k k L k k i         (72) 

c
iik  are equivalent thermal conductivities along corresponding symmetric axis of an ellipsoidal 

composite unit cell, with  1c
ii p ii p bfk k L k k  ,  2 1/ p   , k pA d   with kA  is the 

Kapitza length. Also,  
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and the improved parameter kmm is: 

   19631. .B a
mm c p nf

a

k C c T lnT T
m

     
(74) 

In the above, Cc is a correction factor having a value about 1 for water-based nanofluids. 

Prasher et al. [76] derived a correlation as follows: 
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in which the random motion-induced convection is included. In the above relation, Reynolds number 

due to Brownian motion is 
18 /

Re
b p p

b
f

T d 


 , and  is the nanoparticle Biot number defined as

pfb dkR /2 . Also, Rb is the thermal interface resistance equal to 8 20.77 10 /Km W for water-

based nanofluids, while Γ and m are empirical constants depending on nanoparticle type. For Al2O3 

nanoparticles, m = 2.5 and Γ= 40000. 

Another model that considers Brownian motion of nanoparticles is presented by Patel et al.[77] as 

follows: 
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where eC  should be determined by experiments. In addition, fp AA /  and Pe are obtained by: 
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in which up is the Brownian motion velocity of nanoparticles: 

2

2

pf

B
p

d

T
u




  
(78) 

In another model, Amiri and Vafai considered the contribution of thermal dispersion to thermal 

conductivity model, this model reads as[78,79]: 

nf static dk k k   (79) 

Maxwell’s model is used to estimate kstatic, and the thermal conductivity induced by thermal dispersion 

( dk ) is estimated by: 

2 2( )d e p nf x y pk C C v v d    (80) 

where Ce is the constant obtained from experiments, v is the fluid velocity. 

Several models have also been developed for the prediction of thermal conductivity of nanofluids 

containing carbon-based nanotubes.  
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Xue et al. [80] offered a model to obtain the thermal conductivity nanosuspensions containing carbon 

nano tubes (CNTs). The model originates from the classic model given by Maxwell. Moreover, it 

takes into account the influence of physical characteristics of CNTs, including axial ratio and space 

distribution, to obtain 
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(81) 

 

Patel et al. [81] presented a model in which the thermal conductivity of CNT nanofluids was a 

function of nanofluid volume concentration, and both the base fluid molecular and nanoparticle radii, 

rbf and rp respectively, which reads as 
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Nan et al. [82] proposed the following model for CNTs based nanofluids: 
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In the previous equations, kc
11 is thermal conductivity along transverse axis and kc

33 is the thermal 

conductivity along longitudinal axis of a thin interfacial thermal layer and depend on dimensions of 

CNT. Also, Kapitza radius ak =Rkkbf, with Rk=8×10-8 m²K/W [83].  



44 
 

Murshed et al.[84] developed a model for CNTs nanofluids by considering the size of nanoparticle, 

nanosuspension volume concentration, and interfacial layer. It writes as 
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(86) 

with 

prt 11  ; pdt 1  (87) 

klr represents the thermal conductivity of interfacial layer and t is the thickness of interfacial layer 

between nanoparticle and base fluid. 

A comprehensive overview about thermal conductivity models of CNT based nanofluids is given in 

Ref. [85]. In addition, Estellé et al. [86] measured the thermal conductivity of CNTs/water nanofluids 

and compared the results with available models. 

3.1.1.2. Experimental based correlations 

 

With regards on experimental based correlations, they were mainly obtained for spherical metallic and 

oxide nanoparticles. Maiga et al. [87] presented two correlations based on experimental data for the 

thermal conductivity of Al2O3- water and Al2O3- EG nanofluids as follows:  

Al2O3/water: 

fnf kk )172.297.4( 2    (88) 

  Al2O3/ ethylene glycol: 

fnf kk )18273.2905.28( 2                                           (89) 

The above correlations were developed for nanoparticles with a size of 28 nm.  

Based on various experimental data for thermal conductivity of nanofluids, Corcione [88] developed 

the following correlation:   
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The above relation is valid for nanoparticle sizes between 10-150 nm, volume fractions of 0.2-9%, and 

temperatures between 294 and 324 K. It should be noted that Tfreez is the freezing temperature of the 

base fluid. 

Khanafer and Vafai [65] proposed a general correlation for the thermal conductivity of Al2O3/water 

and CuO/water nanofluids as follows: 

)
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(92) 

The above correlation is valid for nanoparticle size between 13nm and 80nm and volume fractions up 

to 15%.  

Chon et al.[89] derived the following correlation for alumina/water nanofluids which is valid for the 

temperature range between 21 and 71 oC, and nanoparticle sizes between 11 and 150nm as follows: 
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(93) 

As seen, Rep is included in the equation which implies Brownian motion has been taken into account 

in this correlation. 

Ho et al. [90] derived the following empirical correlation for thermal conductivity of alumina/water 

nanofluids where the size of nanoparticles is 33 nm: 

)672.19944.21( 2  bfnf kk  (94) 

The above relation is valid for concentrations up to 4%.  

A correlation developed by Sharma et al. [91,92] can be applied to all water-based nanofluids 

containing either metal or metal oxide nanoparticles where the particle diameter is between 20 and 150 

nm, nanofluid temperature is between 20 and 70 °C, and maximum volume fraction of 4%. It reads as: 
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(95) 

In conclusion, it should be noted that most of articles on nanofluids indicate that the thermal 

conductivity increases with increases in volume concentration and temperature, and it decreases with 

increase in the particle size. It should also be mentioned that many other empirical correlations have 

been developed as shown in the literature, but they are specific to the kind of nanofluids tested, 

including the nature of the base fluid and the nanoparticles, the size and shape of the nanoparticles, the 

range of nanoparticle content, and the temperature.  
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To date, there is no universal model for the prediction of nanofluid thermal conductivity, which is a 

significant challenge in nanofluid research. The readers can refer to several papers such as Refs. [93–

104] on the thermal conductivity of EG-based nanofluids and Refs. [105–113] on the thermal 

conductivity of water based nanofluids, as well as comprehensive reviews such as Refs. [114–123]. 

 

3.1.2. Viscosity ( nf ) 

Viscosity is defined as the resistance of a liquid to flow and it is measured in terms of Pa.s 

(pascal*second) or N.S/m2. When we say water flows faster than oil on an inclined glass it means 

viscosity (resistance) of water to flow is less than oil. Fluids can be divided into two groups, i.e. 

Newtonian and non-Newtonian fluids. A fluid is called a Newtonian fluid if (i) shear stress (the force 

per unit area applied to fluid) has a linear relationship with shear rate (called also deformation rate- 

/fG V y   ) and (ii) when shear stress is zero, the shear rate being also zero (see Fig. 14 (a)) at fixed 

temperature and pressure. For a Newtonian fluid, viscosity does not change with increase in shear rate 

(Fig. 14 (b)). Fluids such as water and air are simple instances of Newtonian fluids. However, in non-

Newtonian fluids the viscosity follows the variations of shear rate. Non-Newtonian fluids can be 

categorized as (i) time-dependent, if shear rate varies with magnitude and amplitude of shear stress, 

and possibly time between two consecutive applied shear stress. Fluids with time-dependent viscosity 

can be classified as thixotropic (viscosity reduces with time) and rheopectic (viscosity increases with 

time) fluids. However, if shear rate only depends on current shear stress the fluid is classified as (ii) 

time-independent, and generally refer to purely viscous fluids. Non-Newtonian fluids can also present 

(iii) viscoelastic properties. Among non-Newtonian fluids, one can distinguish shear-thinning (also 

called pseudoplastic) fluids and shear-thickening (also called dilatant) fluids, as shown in Fig.14. In 

addition, they can possess a yield stress, i.e. a minimum stress that should be applied for starting the 

flow. Toothpaste is a familiar non-Newtonian fluid which is classified as Bingham plastic (see Fig. 14 

(a)).   
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For wider range in nanoparticle content, the model proposed by Krieger and Dougherty[125] for 

monodisperse spherical particles is more suitable. It reads as 

 

1
m

nf f
m

 
 



 

  
 

 
(98) 

where the intrinsic viscosity [μ]= 2.5 for hard spheres and the maximum packing fraction m is about 

0.605. This equation reduces to the Maron-Pierce equation with exponent []m=2 [126]. 

The equations given in [125,126] were successfully used with nanofluids of different natures in the 

presence of aggregates[127–129], with the nanoparticle volume fraction being replaced by the 

aggregate volume fraction. 

Masoumi et al. [130] presented a theoretical model for nanofluid viscosity as a function of 

nanoparticle size, nanofluid temperature, volume fraction of nanoparticles, nanoparticle density and 

viscosity of the base fluid as  

3
18 6

72
p B

nf f
p p

T

C d

   
 

  
        

 
(99) 

where 

   1
0.000001133 0.000002771 0.00000009 0.000000393p p

f

C d d


        
(100) 

3.2.2.2 Experimental based correlations 

 

By using experimental data for Al2O3-water nanofluids, Singh et al. [131] modified the Einstein model 

as 

)101(   fnf  (101) 

Corcione [88]presented an empirical correlation for viscosity of nanofluids as a function of 

nanoparticles diameter ( pd ) and the molecular diameter of base fluid ( fd ) as  

03.13.0)(87.341

1







fpf

nf

dd
 (102) 

where the molecule diameter of base fluid can be calculated by knowing the molecular weight of base 

fluid(M) as  
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Here, N is the Avogadro number (6.022140857 × 1023) and  is the density of base fluid calculated 

at the temperature of 293 K.  The above correlation is valid for nanoparticle sizes between 25 and 200 

nm, concentrations between 0.01 and 7.1%, and temperatures between 293 and 333 K.  

Maiga et al. [87] presented two experimental-based correlations for the viscosity of Al2O3-water and 

Al2O3-EG nanofluids, respectively, as  

fnf  )13.7123( 2   (104) 

fnf  )119.0306( 2   (105) 

Rea et al. [132], using regression analysis of experimental data of Williams et al.[133], presented the 

following correlation for Al2O3/ water nanofluids that is valid for volume fractions less than 6 % and 

temperatures in the interval 20-80 oC: 

)]2092.0(91.4exp[)(),(   TT fnf  (106) 

The water viscosity ( f ) can be obtained by the following equation: 
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where B= 4700 , n = 8.9, Tref  = 295 K and 
2

6 .
10959

m

SN
ref

 .  

In a combined experimental and numerical study, Jang et al. [134]noted that the viscosity of 

nanofluids when the nanofluid flows in micro and mini tubes depends on the size of the tube. 

Therefore, they developed the Einstein model by including the effect of slip velocity of nanoparticles 

for nanofluid flow in micro and mini tubes as follows: 

2

2/3( 1)(1 2.5 ) 1nf p

f m

d

D




  





  
     
   

 
      

(108) 

in which Dm is the inner diameter of microchannel (or minitube), and and  are empirically obtained 

constants which for Al2O3 nanoparticles are equal to-1/4 and 280, respectively.  

Ho et al. [90] presented the following correlation based on their experimental data for viscosity of 

alumina/water nanofluids, where the size of nanoparticles is 33 nm (valid for 4%  ): 

0,f
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2(1 4.93 222.4 )nf f       (109)

Sharma et al. [91,92] presented the following correlation for viscosity of water-based nanofluids 

containing either metal or metal oxide nanoparticles: 

061.0038.03.11
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    (110)

The above correlation is valid for particle diameters between 20 and 150 nm, nanofluid temperature 

between 20 and 70 °C, and maximum volume fraction of 4%.  

It should be noted that most articles on nanofluids indicate that the viscosity increases with   and the 

increase in the particle size and temperature lessens the viscosity.  

Here, only a few models are presented as the literature on this topic is abundant. For a more 

comprehensive overview, the reader can refer to recent review papers on this specific topic [135–138] 

and other research papers [139–144].  

Contrary to thermal conductivity and viscosity, only a few equations are available and useful for 

density, specific heat capacity and thermal coefficient expansion. They are mainly based on mixing 

rules. 

3.1.3. Density ( nf ) 

 

Density is defined as the ratio of mass to volume of a substance and it is measured in terms of kg/m3. 

For a nanofluid with a volume concentration of  , the nanofluid density can be calculated as[145] 

 pfnf  )1(  (111)

 

3.1.4. Specific heat capacity ( ,p nfc ) 

Specific heat capacity is the amount of heat that should be given to one kilogram of a substance to 

increase its temperature by 1 degree Kelvin, and it is measured in units of J/ kg.K.  The specific heat 

capacity of nanofluids can be calculated by [65] 

, ,
,
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where ,p fc and ,p pc are, respectively, the specific heat capacities of base fluid and nanoparticles.  

A common simplified model that is valid when the nanoparticle density is similar to that of the base 

fluid is given by 

, , ,(1 )p nf p f p pc c c            (113) 

Specific heat capacity significance is highlighted in solar collector applications where the demand is 

higher outlet temperature of collector.  

3.1.5. Thermal expansion coefficient ( nf ) 

The volumetric thermal expansion coefficient for a nanofluid is the amount of change in nanofluid 

volume per one degree Kelvin increase in the temperature of the mixture, and it is measured in units of 

1/K. The following relation is used to estimate the thermal expansion coefficient[65]: 

nf

pf
nf 




)())(1( 
  

(114) 

Again, if the particle and fluid densities are similar, a common approximation of this expression is  

pfnf   )1(  (115) 

Significance of the thermal expansion coefficient is highlighted in natural and mixed convection 

problems.  

3.1.6. Surface tension ( nf ) 

Surface tension is the amount of force per unit length that is consumed for extending the surface of a 

liquid by overcoming the intermolecular forces (measured in units of N/m). Surface tension is a crucial 

parameter in the analysis of heat transfer phenomena such as pool boiling since it affects surface 

wettability and bubble growth [146]. On the measurement of surface tension of nanofluids, Ahammed 

et al. [147] measured the surface tension of graphene/water nanofluids and showed that with 

increasing the temperature and nanofluid concentration the surface tension decreases. They developed 

a correlation as: 

0.163 0.0884
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0.493nf
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T
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where nf is the surface tension of nanofluid, f is the surface tension of base fluid, and T  is the 

ambient temperature. The above relation is valid for temperatures ranging from 10 to 90 oC, and 

graphene volume fractions between 0.05% and 0.15%.  

Similar trends of nanoparticle effect were also reported in [148] with graphene nanofluids while 

opposite effect of nanoparticle content was observed in [98] with different base fluids and 

nanoparticles. In another study, Chinnam et al. [149] presented a nanoparticle size dependent 

correlation for surface tension with four different nanoparticles, including Al2O3,  ZnO, TiO2 

and SiO2, suspended in a mixture of propylene glycol and water (60:40 PG/water) as follows: 

               0
1 2 3 4

nf p

f nf f

dT
A A A A

T d






   
         

   
 

(117) 

where T0 = 299 K, A1 = -1.02219, A2 = -0.27706, A3 = 0.00063558 and A4 = 1.17344. Also, df is the 

molecular diameter of the base fluid. The above relation can be used for 303< Tnf < 343 K, 0.5 <

(%)< 6 and 15< dp (nm) < 50. 

 In a recent review, Estellé et al. [146] highlighted the role of surface tension in thermal engineering 

applications and investigated the effects of various parameters such as temperature, surfactant, 

morphology and concentration of particles, and base fluid type on the surface tension of nanofluids. 

There are some other correlations on the surface tension of nanofluids which are gathered by Estellé et 

al. [146].  

3.2. On the importance of thermophysical models in modeling 

A challenge in modeling of nanofluid flows is the choice and use of suitable models for property 

determination, specifically for thermal conductivity and viscosity. Figure 15 gives a summary of the 

effects of nanoparticle concentration, nanoparticle size, and nanofluid temperature on the thermal 

conductivity and viscosity of nanofluids, with trends that are valid for almost all nanofluids. However, 

it should be noted that just the prediction of trends by models (or correlations) is not sufficient, but it is 

vital to have the minimum uncertainty in the estimation of thermal conductivity and viscosity when 

the data are compared with experimental (real) data.  
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models may lead to opposite predictions of entropy generation between two rotating cylinders. For 

natural convection in square and triangular cavities, Mahian et al. [152] noted that using classic 

models for thermophysical properties instead of experimental based correlations may give opposite 

predictions of heat transfer coefficient. Abu-Nada and Chamkha [153] also showed that different 

thermophysical models can give different trends for prediction of Nusselt number in natural 

convection of cavities. In other work, Abu-Nada [154] analyzed the role of different viscosity and 

thermal conductivity models on flow and heat transfer characteristics of Al2O3/water nanofluid natural 

convection flow in cavities.  

Figure 16 highlights this note that using different thermophysical models may provide opposite trends 

for heat transfer coefficient variations. 

 

Figure 16. Using different thermophysical models may provide opposite trends for heat transfer coefficient 

variations 

 

 

4. Physical models for nanofluid flow and heat transfer 

 

In analysis of a thermal system, one seeks to solve for the velocity and temperature fields and to use 

these fields to determine integral measures such as heat transfer coefficient, Nusselt number, thermal 

Classic Thermophysical Models

(just consider effect of 
concentration)

Advanced Thermophysical 
Models 

(consider effects of nanoparticle 
size, nanofluid temperature and 

concentration, and so on)



55 
 

efficiency, and entropy generation rate of the system. In this section, we present the main physical 

models used to describe the nanofluid flow and heat transfer characteristics. We begin by reviewing 

the transport equations for conventional fluids, including continuity, the Navier-Stokes equations, and 

the energy equation, which are used for evaluating the velocity, pressure, and temperature fields due to 

motion of a conventional fluid in an arbitrary geometry. This is followed by the extension of for the 

conservation laws to nanofluid flows. 

 

4.1. Transport equations for conventional fluids 

In the following equations, V is the velocity vector, p is the pressure, T is the temperature, I is the 

identity matrix and F is the summation of external body forces (due to gravity or magnetic field) 

discussed in section 2. The transport equations are written below for steady, Newtonian, 

incompressible flow of a conventional fluid with a density of f , a thermal conductivity of kf , and a 

viscosity of f . The continuity equation states the requirement of mass conservation for the fluid, and 

is given by: 

0)(  Vf      (118)

The momentum equation is obtained by applying the Newton’s second law applied to an element of a 

viscous fluid and is given by  

FIVVVVV  ]([)]([)( )p T
ff   (119)

In the above equation  is the second coefficient of viscosity due to viscous effects of volume changes, 

and usually can be considered to be negligible. However, 2 3⁄  is a common approximation 

for this parameter, when it’s not ignorable. In addition, VV)f ( is the convective term,   is the 

pressure gradient, )]([ T
f VV   is the viscous diffusion term where the viscosity is a function 

of temperature and nanoparticle concentration.  

Considering the (very common) case of incompressible flow with constant viscosity and density and 

ignoring the second viscosity coefficient ( ), the momentum equation can be simplified as follows: 

∙  (120)

The energy equation that indicates the temperature field (T) can be written as  
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 )()( , TkTc ffpf V  (121)

In the above equation, the left side represents the thermal convection,  		 )( Tk f   is the heat 

conduction and Φ	 is the viscous dissipation function, which arises from the work done against viscous 

forces and for a Newtonian incompressible viscous fluid and is given by: 

Φ 2

.  

(122)

It is also worth mentioning that the viscous dissipation energy is usually ignored with respect to the 

other energy transfer terms. In the remainder of this section, we have neglected the viscous dissipation 

source term on the right side of the energy equation.   

The component forms of the above equations are presented in Appendix A for different coordinate 

systems.       

4.2. Transport equations for nanofluids 

Considering the transport equations mentioned for conventional liquids, we will develop governing 

equations associated with different approaches for nanofluid flow modeling in the next sections. In 

this regard, Fig. 17 presents the main approaches for nanofluid flow modeling, which can be classified 

as either single-phase or two-phase approaches.  

4.3. Single-phase approaches  

A nanofluid is inherently a two-phase fluid (solid-liquid); however, for numerical simulations under 

certain conditions some appropriate assumptions can be made to model nanofluids as single-phase 

fluids.  

In single-phase models the governing equations are solved only for an effective liquid phase. Single-

phase based models can be divided into three main approaches including homogenous, thermal 

dispersion, and Buongiorno models. In the following each model is described in detail.  
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Selecting suitable models for thermophysical properties of nanofluids (mainly thermal conductivity 

and viscosity) is the main challenge of this approach. The properties can be considered as constant 

(temperature-independent) or temperature–dependent, depending on the problem and the 

characteristics of the mixture. A large number of studies have been conducted regarding the modeling 

of the nanofluids by employing the homogenous single-phase model. Here, some studies that utilized 

homogenous model are reviewed briefly.  

Saha and Paul [155] simulated the turbulent flow of water-based Al2O3 and TiO2 nanofluids in a 

horizontal tube under constant heat flux boundary condition using homogenous single-phase model 

and temperature-dependent properties. Demir et al. [156] simulated forced convection of Al2O3 and 

TiO2 based nanofluids in a heat exchanger with double tube structure. The homogenous single-phase 

model was used to solve the problem.  

Namburu et al. [157] studied the turbulent flow of EG/water nanofluids having SiO2, Al2O3, and CuO 

nanoparticles in a tube using homogenous single-phase model with temperature-dependent properties. 

Moraveji et al. [158] investigated the convective heat transfer of Al2O3/water nanofluid flow as a 

single-phase liquid in the developing region of a tube with constant heat flux. Manca et al. [159] 

analyzed the forced convection of alumina/water nanofluid in a two-dimensional channel under 

uniform heat flux using homogenous single-phase approach and the properties were assumed 

temperature-independent. Ahmed et al. [160] studied the laminar convective heat transfer from tube 

bank under constant wall temperature conditions in cross flow using Al2O3 nanofluid. Vajjha et al. 

[161] carried out a numerical analysis of fluid dynamic and heat transfer performance of ethylene 

glycol/water-based Al2O3 and CuO nanofluids in the flat tubes of a radiator.  

For obtaining Nusselt number and heat transfer coefficient as indicators of heat transfer enhancement 

in some simple problems, such as natural convection in enclosures where the walls have either 

constant temperature or adiabatic conditions, Abouali and Ahmadi [162] showed that there is no need 

to solve transport equations where the nanofluid is assumed as single-phase and homogenous. In such 

cases the heat transfer enhancement can be estimated simply just by calculating the ratio of nanofluid 

thermophysical properties to base fluid properties [162]:           



 

wh

co

flu

Fi

na

re

Fi

en

here the val

orrelations a

uid. In this w

igure 19 sho

atural conve

sults were i

igure 19. In s

nhancement c

N

lue of m dep

are then used

way, the com

ows the sche

ection of a h

n good agre

simple proble

can be estima

nf nf

f f

Nu k

Nu k

 
 
 

1

nf nf

f f

h k

h k

 
   
 

pends on the

d to determi

mputational

ematic of di

homogenous

eement with

ems, when th

ated simply b

m m

nf

f




 
   
      
   

m m

nf

f




 
  
    
  

e geometry a

ine the Nuss

l time reduc

ifferent encl

s nanofluid w

h CFD simul

he nanofluid i

by calculating

60 

,

,

m

p nf nf

p f f

c

c




  
  

  

,

,

m

p nf nf

p f f

c

c




 
  
 

and bounda

selt number

ces significa

losures in w

was estimat

lation result

is assumed as

g the propert

2m m

f nf

f f




  
    
  

2m m

nf

f




  
    
  

ary condition

r and heat tra

antly.  

which heat tr

ted by using

ts [162].     

s single-phas

ties [162] .  

 

ns of the pro

ansfer coeff

ransfer enha

g Eqs. (126) 

se homogeno

oblem. Stan

ficient of the

ancement du

and (127), 

ous, the heat 

(126) 

(127) 

ndard 

e base 

ue to 

and the 

transfer 



61 
 

4.3.2. Thermal dispersion model 

 

The thermal dispersion model was studied by Xuan and Roetzel [163] by modifying the homogenous 

single-phase model. Random and irregular motion of nanoparticles raises the energy exchange rate in 

the nanofluid and induces small perturbations in both velocity and temperature. The intrinsic phase 

averages are defined in analogy with turbulence, and are given as: 

                         (128) 

  (129) 

 

where and  stand for fluctuations in velocity and temperature due to nanoparticle chaotic 

movement and mean values are given by  	
∀

∀
∀

 and 
∀

∀
∀

 where ∀ is volume of 

the working fluid. By neglecting the boundary surface between the fluid and the nanoparticles, the 

energy equation is written as: 

)()()( ,, TcTkTc nfpnfnfnfpnf  VV   (130) 

   

The second term on the right side of the above equation demonstrates the perturbation effect of 

temperature and velocity in enhancing the heat flux in the energy equation. The heat flux generated by 

the thermal dispersion in the nanofluid flow is computed as follows: 

.  (131) 

where  is the dispersion thermal conductivity. The energy equation can be rewritten as: 

])[()( , TkkTc dnfnfpnf  V  (132) 

In fact,  reveals the thermal dispersion contribution to thermal conductivity enhancement. 

Xuan and Roetzel [163] proposed the following model based on a porous media formulation for 

estimation of dispersion thermal conductivity in nanofluids: 

∗  (133)

where R is the radius of a tube in which the nanofluid flows and C* is a constant that can be obtained 

by matching the experimental results.  
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Khanafer et al. [79] suggested the following relation for estimating the dispersion thermal 

conductivity: 

| |  (134)

In the above equation, the effects of particle size and nanoparticle volume fraction have been included.  

Mojarrad et al. [164] proposed a new correlation for determination of dispersion thermal conductivity 

by investigating the heat transfer performance of Al2O3/water nanofluid in a circular tube as follows: 

 
(135) 

Although in the above equation, there is no velocity term “V”, its effect has been considered indirectly 

by involving a temperature gradient in the relation. It should be noted that sides in Eq. (135) are not 

compatible dimensionally.    

A more accurate correlation for the dispersion thermal conductivity in radial direction was presented 

by Bahiraei and Hosseinalipour [165] as: 

 
(136) 

In the above relation, which is presented for fully developed flow in a horizontal tube, the nanoparticle 

distribution has been considered as a function of radius within the tube. The approach for obtaining 

  is not presented here, but the readers can refer to Refs.[165–167] which discuss particle 

distribution in the tube due to migration. Effective parameters that can be considered for migration are 

Brownian motion, non-uniform shear rate, viscosity gradient, and thermophoresis.  

Several researchers employed the single-phase thermal dispersion model to simulate nanofluid flow 

and heat transfer. Kumar et al. [168] carried out an analysis of flow and thermal field in Cu/water 

nanofluid in a thermally driven two-dimensional cavity using a single-phase thermal dispersion model. 

Özerinç et al. [169] considered homogenous model to simulate the Al2O3/water nanofluid inside a tube 

with various boundary conditions. They found that the estimated values of heat transfer rate with this 

numerical method are lower than experiments. Therefore, the thermal dispersion model was also 

examined and good agreement with the experimental data was achieved. Heris et al. [170] showed the 

high ability of thermal dispersion model to predict the heat transfer rate due to nanofluids flow in 

circular tubes by comparing the simulation results against tests data. Ameri et al. [171] investigated 

the capacity of nanofluids for heat transfer enhancement in  a metal foam tube where dispersion model 

was used in the modeling. In this article, the distribution of nanoparticles was assumed to be non-
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uniform. In another research, Bahiraei and Vasefi [172] simulated laminar flow of different nanofluids 

in a horizontal tube using both the homogenous and thermal dispersion models where non-uniform 

distribution of nanoparticles was included in the dispersion model. They found that with an increase in 

Re and particle loading, the thermal dispersion model is more suitable than homogenous technique for 

predicting experimental outcomes. Bahiraei and Hosseinalipour [173] utilized the thermal dispersion 

model for simulation of convective heat transfer of TiO2/water nanofluid flow in a circular tube using 

non-uniform concentration distribution. In another study, Bahiraei and Hosseinalipour [165] compared 

the efficacy of thermal dispersion (non-uniform concentration distribution) and Euler-Lagrange 

approaches to predict the heat transfer rate inside a circular tube with alumina/water nanofluid flow. 

The results revealed that in terms of both computational accuracy and time of calculation, employing 

the thermal dispersion model is affordable. Akbaridoust et al. [174] investigated nanofluid flow in 

helically coiled tubes using both the homogenous and thermal dispersion models. The results revealed 

higher accuracy of thermal dispersion model compared to homogenous model.  

4.3.3. Buongiorno model 

 

In 2006, Buongiorno [21] proposed a model to improve the homogenous single phase and thermal 

dispersion models. Buongiorno studied the effect of seven slip mechanisms including: 1- the inertia, 2- 

Brownian diffusion, 3- thermophoresis, 4- diffusiophoresis, 5- Magnus effect, 6- fluid drainage, and 7- 

gravity and concluded that Brownian diffusion and thermophoresis are the most important slip 

mechanisms in nanofluids, in agreement with our arguments in Section 2 of this article. In this model, 

the effect of the base fluid and the nanoparticle relative velocity is described more mechanistically 

than in the thermal dispersion model. Based on the findings of Buongiorno [21], a two-component 

four-equation nonhomogeneous equilibrium model for transport equations in nanofluids was 

developed. By taking into account Brownian and the thermophoresis effects, the transport equations in 

the homogenous model are converted to: 

Continuity equation: 

0)(  Vnf  (137)

Momentum equation:  

)]([)( T
nfnf p VVVV    (138)
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Energy equation: 

 ,  


 

 

(139) 

Conservation equation for the nanoparticles: 

]/[ TTDD TB  V (140)

In Eq. (139) Brownian diffusion and thermophoresis (or thermal diffusion coefficient) can be 

expressed respectively as: 

3
 

(141) 

0.26
2

 
(142) 

where  is the Boltzmann constant. 

Several studies have been conducted regarding the analysis of convection heat transfer of nanofluids 

based on Buongiorno’s model. Sheikholeslami et al. [175] studied heat and mass transfer characteristic 

of unsteady nanofluid flow between parallel plates under the effect of a magnetic field using 

Buongiorno model. Sheikholeslami and Rokni [176] applied the Buongiorno model for evaluation of 

nanofluid flow and radiation and melting heat transfer over a stretching plate in the presence of a 

magnetic field. Garoosi et al. [177] carried out a numerical simulation of natural convection of water-

based Cu, Al2O3, and TiO2 nanofluid in a 2D cavity having several pairs of heater and coolers by 

Buongiorno approach. In other studies, Garoosi et al. [177,178] analyzed natural convection and 

mixed convection of Al2O3/water nanofluid in a square cavity using Buongiorno model. Malvandi et 

al. [179] studied the fully-developed mixed convective through an annulus with vertical position. The 

employed approach for the modeling of nanofluid included the modified two-component four-equation 

non-homogeneous equilibrium model. Moreover, Malvandi and Ganji [180] evaluated the mixed 

convective heat transfer of alumina/water nanofluid inside a vertical microchannel and modified 

Buongiorno's model was employed which fully accounted for the effect of the nanoparticle migration. 

Shehzad et al. [181] carried out the study of convective heat transfer of nanofluid in a wavy channel 

and the mathematical formulation was processed utilizing the Buongiorno's model. Sheremet and Pop 

[182] investigated the steady-state natural convection in a square porous enclosure filled by a 

nanofluid using Buongiorno model considering the Brownian diffusion and thermophoresis effects. 
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4.4.1. Eulerian-Eulerian 

Eulerian–Eulerian models (e.g. two-phase approaches) cannot be assigned for tracking the trajectory 

of suspended particles in fluid [184]. These models can be categorized as (i) volume of fluid (VOF), 

(ii) mixture, and (iii) Eulerian models. Among them, mixture model is most popular as will be 

discussed.  

 

4.4.1.1. Volume of fluid (VOF) model 

The VOF model is applicable for multiphase immiscible fluid regimes in which the interface between 

fluid phases should be tracked. Some applications of this model are simulation of bubble growth, free 

surface flows, stratified flows and liquid-gas surface tracking problems. This model is not most 

convenient for application to nanofluid flows, since nanoparticles are typically much smaller than the 

computational cell and are dispersed in the base fluid.  Therefore, for nanofluid-flow simulations 

(typically assuming well-mixed nanoparticle-dispersion) employing the VOF method would be 

inappropriate, compared to the faster/cheaper Euler-Euler approach (provided that the nanoparticles 

are <100nm). However, in cases of nanoparticle-stream injection into a moving fluid, VOF approach 

would be the way to simulate the two-fluid mixing process. Nevertheless, some authors used the VOF 

for nanofluid flow simulations and therefore it is included here for completeness. 

The VOF model has been used to track the nanoparticle concentration by solving the continuity 

equation for the base fluid over the domain of study using a single set of Navier-Stokes equations for 

the base liquid and particle phases to determine the values of velocity shared by the two phases. 

Similarly, a shared temperature is obtained from a single energy equation [185]. 

The continuity equation can be expressed as: 

( ) 0q q q  V  (143)

where q indicates the phase. For example, q is equal to 1 for the base fluid and 2 for the nanoparticles. 

The summation of the volume fractions of phases is one, or   ∑ 1. 

The momentum and energy equations are identical to the momentum and energy equations for the 

single-phase homogenous model. 

Naphon and Nakharintr [186] considered the flow and heat transfer of TiO2 nanofluid through mini-

channel heat sinks. The model predictions compared well with experimental results, indicating the 

effectiveness of the VOF model. Akbari et al. [185] compared the accuracy of single-phase and the 

three Eulerian-Eulerian models in the estimation of experimental data for combined convection and 
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laminar flow. First, they pointed out that the three two-phase models provide similar predictions of 

experimental data and are more accurate than single-phase. Second, among two-phase models, VOF 

was suggested since it needed the lowest computational time.  

Rashidi et al. [187] compared two-phase and single-phase approaches for the Cu/water nanofluid flow 

in a channel with wavy walls. The single-phase model and three different two-phase model predictions 

(VOF, mixture, and Eulerian) were studied, and their results were compared. Davarnejad and 

Jamshidzadeh [188] analyzed turbulent heat transfer behavior of the MgO/water nanofluid in a circular 

tube using three individual models including single phase, VOF and mixture. It was concluded that the 

VOF model and the mixture model were more accurate than the single-phase model for heat transfer 

prediction. 

4.4.1.2. Mixture model 

 

The mixture model can be implemented for flows with two or more phases, considering n as the 

number of phases. In this model it is assumed that each phase has different velocity and concentration 

fields. The mixture model accounts for the coupling between fluid phases and is applicable for 

dispersed particulate fluids with low interphase coupling, low concentration bubbly flows and 

separators. Hence, this model has been employed for nanofluid flows when a nanoparticle phase exists 

and nanoparticles closely track the fluid flow. The base fluid influences the nanoparticles via drag and 

turbulence, while the nanoparticles affect the base fluid via reduction in mean momentum and 

enhanced turbulence dissipation. Also, it should be noted that the model requires less run time and 

CPU usage than some competing models and it sounds precise for a large group of multi-phase flow 

problems [26]. The mixture model, in contrast to the VOF model, can model the interpenetrating 

phases and allows the phases to have different velocities. As can be seen in the following equations, 

the mass conservation and energy equations of the mixture model are similar to those of the single-

phase model. However, the momentum equation in the mixture model has an additional term to take 

into account the relative velocity (also known as drift velocity) between the phases. In addition, the 

volume fraction equation is also solved for the secondary phases: 

Continuity equation: 

( ) 0m m V  (144) 

Momentum equation: 
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n

T
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V V V V V V  

(145) 

 

Energy equation: 

,
1 1
( ) ( )

n n

k k p k k k eff k
k k

c T k T 
 

      V  (146) 

Volume fraction equation for a secondary phase p: 

 ,( )p p m p p dr p       V V  (147) 

where ,  is the drift velocity of phase k, which is defined as , . The mixture velocity 

is given by: 

∑
 

(148) 

The other mixture properties such as ,  and  could be evaluated using the common single-

phase correlations. The following relations could provide appropriate estimations, as well: 

 
(149) 

(150) 

(151) 

where  represents the turbulent thermal conductivity. 

The above mentioned equations are not closed and another equation is required to find the drift 

velocity: 

,  
(152) 

where  is the slip velocity between the secondary phase p and the primary phase q, and for laminar 

flow can be modeled using the correlation proposed by Manninen et al.[189]: 

 
(153) 
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In the above equation, ,  and  are the particle relaxation time, acceleration vector and drag 

function, respectively.  and  are defined by: 

18
 

(154) 

 (155) 

Schiller and Naumann [190] suggested the following relation for : 

  

1 0.15	 . 1000
0.0183 1000

(156) 

Other scientists have also suggested some correlations to account , and among them the work 

done by Morsi and Alexander [191] can be mentioned.  

Most of the numerical nanofluid studies in the literature have employed the mixture model because it 

is relatively accurate and requires less computational power than many other methods. Labib et al. 

[192] studied the convective heat transfer coefficient of Al2O3/water-ethylene glycol and Al2O3-

CNTs/water nanofluids flowing in horizontal circular tube using the mixture model. Safikhani et al. 

[193] used the mixture model to calculate the heat transfer coefficient and pressure drop of 

Al2O3/water nanofluid flow in horizontal flat tubes. The same configuration has been examined for 

water-based Al2O3 and Al2O3–Cu hybrid nanofluids by Moghadassi et al. [194]. Mirmasoumi and 

Behzadmehr [195] evaluated laminar flow (mixed convection) of a nanofluid composed of water and 

Al2O3 nanoparticles flowing in a tube using two-phase mixture model. A two-phase mixture model 

was employed by Goodarzi et al. [196] to investigate mixed convection of Cu/water nanofluids in a 

rectangular shallow enclosure. Siavashi and Jamali [197] analyzed entropy generation due to turbulent 

flow of TiO2/water dispersions in an annulus by using two-phase mixture model. In another study on 

the application of two-phase mixture models, Siavashi et al., in three different works [198–200], 

investigated nanofluid flow inside a porous tube and annulus [198]. Toosi and Siavashi [201] 

employed the two-phase mixture model for numerical simulation of Cu-water nanofluid flow inside a 

partially porous cavity. Yaghoubi Emami et al.[202] used the mixture model to simulate two-phase 

Cu-water nanofluid flow inside an inclined cavity with different hot wall configurations. Siavashi et al. 

[203] used the same model to solve Cu-water nanofluid natural convection inside an enclosure using 

porous fins. Later, Siavashi and Rostami [204] employed a two-phase mixture model to model non-

Newtonian nanofluid in a porous annulus and presented the mixture equations in the non-dimensional 
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form. Moraveji and Ardehali [205] performed CFD modeling of laminar forced convection on Al2O3 

nanofluid in minichannel heat sink by four individual models of single phase, VOF, mixture, Eulerian. 

It was concluded that the best approach for modeling was the mixture model, considering both 

accuracy and computational speed. Shariat et al. [206] evaluated the particle size impact on laminar 

mixed convection of Al2O3/water nanofluids in a duct with elliptic cross section employing the two 

phase mixture model. Recently, Maghsoudi and Siavashi [207] employed a two-phase mixture model 

for simulating mixed convection of nanofluid flow in a porous lid-driven cavity to find the optimal 

pore size configuration.  

4.4.1.3. Eulerian model 

 

The Eulerian approach is the most complex multi-phase model due to the strong coupling between the 

phases. The Eulerian model supports volume fraction values ranging from dilute to dense, and can also 

be used with low to high values of particulate mass loading. In the Eulerian model, the transport 

equations are solved independently for each phase, which is the primary difference between the 

Eulerian approach and the mixture model[208]. The pressure and interphase exchange coefficients are 

utilized for coupling of the equations, depending on the type of fluid phases (such as fluid-fluid or 

fluid-solid). This model is appropriate for simulation of bubbly flows, fluidized beds and particulate 

flows, and can also be implemented for nanofluid flow simulation.  

Ignoring the interphase mass transfer, the governing equations of a particulate laminar flow (fluid-

solid) for the Eulerian model is presented as follows. 

The continuity equation for phase q can be expressed as: 

( ) 0q q q  V  (157) 

Obviously, the summation of volume fraction of all the n phases is ∑ 1. 

The momentum equation is given by: 

1
( ) [ ( )] ( )

n
T

q q q q q q q q q pq L wl A q
p

p R F F F F    


           V V V V  
(158) 

where  is the interaction force between the fluid phase q and the particulate phase p, , ,  

and  are body , lift, wall lubrication and virtual mass forces, respectively. It should be noted other 

forces may be putted in the above equation as explained in section 2. The interaction force  is 

calculated by: 
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(159) 

in which,  is the interphase momentum exchange coefficient. 

For a nanofluid flow,  should be defined according to the relation proposed by Wen and Yu [209] 

for dilute fluid-solid flows.  

3
4

 
(160) 

The drag coefficient, , is given by: 

  

24 1 0.15
.

 
(161) 

where . 

The lift force, , acting on the particles is caused by the velocity gradient inside the primary phase q, 

and for nanofluids with nano-scale particles is not significant. The wall lubricant force, , is a force 

acting on the secondary phase p and takes it away from the wall. This force is important in gas-liquid 

flows and has negligible effect on nanofluid flows. The virtual mass force, , should be included 

when the particulate phase p accelerates with respect to the fluid phase q. This force should not be 

respected for steady flows or nanofluid flows since the nanoparticle density is much greater than the 

base fluid density [210].  

The energy equation is given by: 

 ,
1

( ) ( ) :
n

T
q q p q q q q q q q q q q pq

p
c T k T Q   



             V V V V  
(162) 

where  is the interphase heat exchange coefficient.  is the heat transfer 

coefficeint between phases and can be specified as a constant value or be defined as a function of 

Nusselt number, 6 .  can also be calculated from the Ranz and Marshall 

[211] model as: 

2 0.6 . .  (163) 

      

Pr is the Prandtl number of phase q and is given by: 
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,
 (164) 

As can be seen in the above mentioned equations, the Eulerian model considers different temperatures 

for the particulate and fluid phases. Concerning nanofluid flows, nanoparticles have very small size 

and could be considered to be in local thermal equilibrium with the base fluid. Hence, the solution of 

an additional energy equation for nanoparticles is not beneficial and does not improve the simulation 

accuracy. Anyway, the Eulerian method has been used in a few investigations of nanofluid flows. 

Kalteh et al. [210] studied the prediction of Cu/water nanofluid flow in an isothermally heated 

microchannel using the Eulerian approach. Using the same approach, Beg et al. [212] studied the flow 

and heat transfer of bio-nanofluid in circular channel. Predictions showed that the difference between 

results of Eulerian approach and experiments was only 7% while it was 35% for single phase model. 

Lotfi et al. [213] examined alumina nanofluid flow with forced convection in horizontal conduits 

employing two-phase Eulerian model. It was shown that both single-phase and the Eulerian models 

underestimate the Nu number. Hejazian et al. [214] performed a comparative study of Euler and 

mixture models for nanofluid turbulent flow inside a horizontal conduit. They found that the two 

models almost showed the same results. Sabaghan et al. [215] employed Eulerian two-phase model for 

the simulation of TiO2 nanofluid flow in microchannels with six longitudinal vortex generators. 

Ebrahimnia-Bajestan et al.[216] analyzed the heat transfer characteristics of water-based TiO2 

nanofluid for application in solar heat exchangers using single-phase, Eulerian-Eulerian, and mixture 

models. They revealed that Eulerian model is not able to predict the experimental data accurately, so 

they modified the common mixture model. Behroyan et al. [217] compared the predictions of 

numerical models to evaluate turbulent flow(gravity influence was neglected) of Cu/water nanofluid in 

a pipe under fixed value of heat flux and illustrated that the Eulerian model gives inaccurate results. 

4.4.2. Eulerian-Lagrangian  

 

In the Eulerian–Lagrangian model, the fluid phase is considered as a continuum medium by solving 

the momentum equations and the particle phase is modeled by solving for individual particle motion 

using the particle motion theory in the Lagrangian reference frame [208]. The influence of particles in 

the fluid is introduced as source terms in the momentum and energy equations. The dispersed phase 

can exchange momentum, mass, and energy with the fluid phase. Our presentation of the Eulerian-

Lagrangian method makes the common assumption that the dispersed second phase occupies a small 
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volume fraction; however, the model can be easily extended to dense flows. A limitation of this model 

is that it requires high memory and computational time. Not only are the number of nanoparticles very 

large, but the small value of Stokes number for nanoparticle flows introduces numerical stiffness that 

necessitates use of small time steps, which is a stability requirement in explicit numerical methods and 

necessary for accurate computation of particle drift in implicit numerical methods. The governing 

equations are written for the base liquid as follows. 

Continuity equation: 

( ) 0f f  V  (165) 

Momentum equation: 

( ) [ ( )]T
f f f f f f mp S        V V V V  (166) 

Energy equation: 

,( ) ( )f p f f f f f ec T k T S      V  (167) 

where Sm is the momentum source term vector which represents the momentum transfer between fluid 

and particles, and Se is the energy source term which gives the energy transfer between fluid and 

particles. These source terms can be computed by averaging over a grid cell as 

1
 

(168) 

1
,  

(169) 

where the subscript p refers to particle, mp and  respectively denote mass of the particle and the total 

force per unit mass of the particle acting on the fluid, δV represents the grid cell volume and np is the 

number of solid particles within a cell volume. The particle force on the fluid (i.e. F) in Eq. (168) is 

the negative of the sum of the various hydrodynamic forces acting on the particle, including Brownian 

motion, drag, Saffman and Magnus lift, pressure gradient force, thermophoretic force, and virtual mass 

force, which were discussed in Section 2. 

The energy equation for the particle can be written as 

,  
(170) 

where the Nusselt number Nup for heat transfer to the particle was evaluated using the Ranz and 

Marshall correlation presented in Eq. (163). 
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Particle trajectory motion equation could also be written as follows to find the particle position: 

(171) 

A large number of research studies have been conducted to simulate nanofluid flow and heat transfer 

using the Eulerian-Lagrangian approach. Due to the limitation on the number of particles that can be 

handled, this method is particularly well suited for modeling the micromechanics of a nanofluid flow 

field for problems on a scale of up to about one million particles.  

Rashidi et al. [218] employed Eulerian- Lagrangian approach (two-way coupling) to simulate fluid 

flow and heat transfer inside a channel equipped with two square blocks where the working fluid was 

a mixture of water and alumina particles (sizes between 30 nm and 0.5 µm and a concentration of 1%). 

They used ANSYS-Fluent software to solve the problem. Figure 21 displays the algorithm for the 

CFD simulation of the mixture fluid flow in the channel using Eulerian-Lagrangian approach.   
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migration effects on heat transfer rate through simulations done by Eulerian–Lagrangian simulation. 

By employing the Eulerian-Lagrangian approach, Kumar and Puranik [223] simulated forced 

convection heat transfer of Al2O3, TiO2 and Cu nanoparticles dispersed in water under fully-developed 

turbulent flow in a circular tube where its surface was heated uniformly. Their results were also 

compared with the single phase model. The comparison indicated that the Eulerian-Lagrangian 

approach was more precise. Bahiraei et al. [224] assessed the hydrothermal characteristics of Mn-Zn 

ferrite nanofluid under a magnetic field using the Eulerian-Lagrangian method. Ghasemi et al. [225] 

evaluated the laminar forced convection heat transfer of the water-based nanofluid inside a 

minichannel heat sink using the Eulerian–Eulerian two-phase model. Their simulation results were in 

excellent agreement with the experimental data and the maximum deviation from experimental data 

was 5%. Sonawane et al. [226] employed Eulerian–Lagrangian model to study turbulent forced 

convection flow using nanofluids at low concentration and its precision was confirmed. Rostami and 

Abbassi [227] studied conjugate heat transfer of nanofluid in wavy microchannels using Eulerian–

Lagrangian approach. The results again showed a good agreement with experimental results. 

In earlier studies on the Eulerian-Lagrangian approach for nanofluid flow and heat transfer analysis, 

the boundary conditions for nanoparticle interaction with the wall are not typically discussed. In some 

cases reflection boundary conditions were assumed, while not explicitly stated.  The influence of 

particle-wall boundary condition on the nanofluid flows was studied by Rashidi et al. [228] and 

Bovand et al. [229] where both reflection and trapping boundary conditions were used. It was shown 

that the particle-wall boundary condition significantly affects the near-wall flow behavior of the 

nanofluids and the nanoparticle concentrations. 

 

4.5. Comparison of different approaches 

In the majority of numerical studies on the flow and convective heat transfer of nanofluids, the slip 

velocity between nanoparticles and the bulk fluid is neglected and accordingly the effective single-

phase model is used. However, it is clear that the corresponding results of this model have some 

errors, such as underestimation of the heat transfer rate, which has been widely reported for studies 

using the homogeneous model. These errors, of course, can be significantly reduced by employing the 

temperature-dependent thermophysical properties. Regarding the more advanced models like the two-

phase, Buongiorno, and thermal dispersion, the thermal dispersion model is more preferred due to its 
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lower computational time. However, two-phase models provide most reliable results by considering 

major influential parameters including thermophoresis, Brownian motion, and slip velocity concepts. 

Two-phase models comprise of different approaches, including the Eulerian-Eulerian, Eulerian-

Lagrangian, mixture, and VOF models. The Eulerian-Lagrangian and mixture models are mostly used 

in heat transfer studies of nanofluids compared to VOF and Eulerian models, since there are numerous 

investigations indicating the superiority of these models regarding the provision of more precise 

results. It should be noted that the CPU and memory requirement is much higher, and consequently the 

computational time is much longer in the Eulerian-Lagrangian model due to requirement of computing 

the trajectories of each particle, which affects its range of application for numerical investigations. 

Due to the complexity of nanofluid flow and heat transfer behavior, there is still a lot to do to reach a 

final conclusion on the precision of different models for different cases.  

Table 3 provides a collection of comparative studies in which the results of different modeling 

approaches have been compared with experimental data for nanofluid flow in a circular tube under 

various regimes and boundary conditions.  

As can be seen, there are inconsistencies among the results of the researchers and it is not clear at this 

time which model is the best choice. However, the following notes can be considered when modeling 

approaches are compared with each other and with experimental data: 

 Using temperature-dependent thermophysical relations for properties may increase the 

accuracy of the homogenous model so that the deviation with experimental data decreases.  

 Two-phase models involve more physical phenomena compared to the single-phase 

homogenous model, so naturally their corresponding results should be closer to experimental 

data. In some cases that has been reported results of the homogenous model are closer to 

experimental data; however, we note that both the experimental data and the numerical model 

are subject to uncertainties of various types. Some factors such as sedimentation of 

nanoparticles, aggregation of nanoparticles and uncertainties in measurements which are not 

considered in the mathematical modeling may be the reason for high deviation of two-phase 

model results from experimental data.  

 

Table 3. Comparison of various nanofluid modeling approaches in a circular tube. 

Researcher Nanofluids Flow regime BC Findings 
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Kumar and Puranik 
[223] 

Al2O3/water 
TiO2/water 
Cu/water 

Fully developed turbulent 
forced convection 

Constant wall 
heat flux 

Euler-Lagrange > Homogenous for 
lower volume fractions (<0.5%) 

Homogenous > Euler-Lagrange for 
higher volume fractions (>0.5%) 

Moraveji and 
Esmaeili [230] 

Al2O3/water Fully developed laminar 
forced convection 

Constant wall 
heat flux 

Euler-Lagrange > Homogenous 

Bianco et al. [220] Al2O3/water Developing laminar forced 
convection 

Constant wall 
heat flux 

Euler-Lagrange > Homogenous 

Moghadassi et al. 
[194] 

Al2O3/water 
Al2O3-Cu/water 

Fully developed laminar 
forced convection 

Constant wall 
heat flux 

Mixture > Homogenous 

Akbari et al. [185] Al2O3/water Fully developed laminar 
mixed convection 

Constant wall 
heat flux 

-Eulerian, Mixture, VOF > 
Homogenous -VOF is the best since 

lowest running expense 
Akbari et al. [231] Al2O3/water 

Cu/water 
Fully developed turbulent 

forced convection 
Constant wall 

heat flux 
Homogenous > Eulerian, Mixture, 

VOF 
Albojamal and Vafai 

[232] 
Al2O3/water Developing laminar forced 

convection 
Constant wall 

heat flux 
Homogenous > Euler-Lagrange > 

Mixture 
Bahiraei and 

Hosseinalipour [165] 
Al2O3/water Developing laminar forced 

convection 
Constant wall 

heat flux 
Euler-Lagrange > Dispersion > 

Homogenous 
Bahiraei [233] CuO/water Developing laminar forced 

convection 
Constant wall 

heat flux 
Euler-Lagrange > Homogenous 

Göktepe et al. [234] Al2O3/water Developing laminar forced 
convection 

Constant wall 
heat flux 

Eulerian > Mixture > Dispersion > 
Homogenous 

Hejazian and 
Moraveji [235] 

TiO2/water Developing turbulent 
forced convection 

Constant wall 
temperature 

Mixture > Homogenous 

Hejazian et al. [236] TiO2/water Developing turbulent 
forced convection 

Constant wall 
heat flux 

VOF > Mixture > Homogenous > 
Eulerian 

Haghshenas Fard et 
al. [237] 

Al2O3/water 
Cu/water 

CuO/water 

Developing laminar forced 
convection 

Constant wall 
temperature 

Euler-Lagrange > Homogenous 

Lotfi et al. [213] Al2O3/water Developing turbulent 
forced convection 

Constant wall 
heat flux 

Mixture > Homogenous, Eulerian 

Mojarrad et al. [164] Al2O3/water Developing laminar forced 
convection 

Constant wall 
temperature 

Dispersion > Euler-Lagrange > 
Mixture > Homogenous 

5. Conclusions  

 

It has been more than two decades since the discovery of nanofluids. As a type of colloidal 

suspension, nanofluids are typically employed as heat transfer fluids due to their higher thermal 
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conductivity compared conventional liquids. Many numerical studies have been done on nanofluids in 

recent years. In this paper, a comprehensive review (in two parts) was presented covering the latest 

developments in modeling of nanofluid flows in different passages and flow regimes, with emphasis 

on the underlying physical aspects and three dimensional studies. In the first section of Part I, general 

descriptions of nanofluids, their applications and the research trends in this field were described. In the 

second section, various forces and physical phenomena in nanofluid flows were reviewed. Next, the 

main models for properties of nanofluids, including thermal conductivity, viscosity, density, heat 

capacity, and thermal expansion coefficient, were presented. In the fourth section, physical models 

that are used for prediction of flow and heat transfer characteristics of nanofluids were reviewed by 

dividing these models into two general groups: single-phase and two-phase approaches. In the 

following, the main points of Part I are summarized: 

 In nanofluid flow, forces including Brownian motion and thermophoretic force play a primary 

role in balancing the drag force to determine particle motion and bulk fluid heat transfer rate. 

Other forces, such as lift and Basset history force, are negligible because of the ultrafine 

particle sizes.  

 Typically the two-phase approaches give results that are generally closer to experimental data 

than the single-phase model. Uncertainty in the experimental studies, due to phenomena such 

as sedimentation of nanoparticles, aggregation of particles, and errors in measurements, must 

also be considered when using such data to evaluate the accuracy of computational models.  

 In geometrically simple problems such as natural convection in cavities, instead of employing 

a single-phase homogenous approach, the heat transfer rate can be estimated easily just by 

using accurate models for the nanofluid thermophysical properties in the classical correlations.  

 Review of the literature suggests that the two-phase mixture model is the easiest approach to 

apply among two-phase models. 

 In a single-phase approach, using novel models for thermophysical properties instead of classic 

models can reduce errors in predictions of heat and mass flow characteristics.  

 Adding nanoparticles and using nanoparticles with a smaller size usually provides higher heat 

transfer enhancement rates.  

In Part II, the primary CFD approaches for solution of the governing equations given in Part I will be 

investigated. Next, three dimensional studies on modeling of nanofluid flow will be reviewed by 
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indicating the flow regime and geometry, the nanofluid type, the method of solution, and the physical 

phenomena responsible for heat transfer enhancement. 
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