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Abstract

Macroscopic models for diffusion and heterogeneous reversible reaction of two
species in porous media are developed by using coupled homogenization technique
and spectral approach. Three representative cases related to the order of magni-
tude of the macroscopic Damkdhler number Day, namely predominating reaction,
diffusion-reaction of the same order and dominating diffusion, are considered. The
concentrations are developed as time series in an eigenfunctions basis associated
with periodic spectral problems formulated in the unit-cell, thus forming a new mi-
croscopic problem to be homogenized. Such an approach represents a powerful tool
to upscale diffusion-reaction microscopic problems, especially for high Damkohler
number values where classical asymptotic development fails. It enables to capture
the physics at very short times, when the characteristic time of reaction involved is
much faster than the diffusion one. This work allows us to formulate the complex
macroscopic laws describing the heterogeneous diffusion /reaction problem for two
species in high Damkdhler number regime.

Keywords: Diffusion-reaction, Damkdhler number, Spectral problem, Homoge-
nization

*Corresponding author
Email addresses: tien-dung.le@univ-lorraine.fr (Tien Dung Le),
christian.moyne@univ-lorraine.fr (Christian Moyne),
mohamed-khaled.bourbatache@insa-rennes.fr (Khaled Bourbatache),
olivier.millet@univ-1r.fr (Olivier Millet )

January 26, 2022



1. Introduction

Reactive mass transport in porous media, which is the subject of many studies in
scientific and engineering disciplines, is a coupled multiscale and multi-physics pro-
cess. For example, convection-diffusion-reaction of multi-species in a poroelastic
tissue, coupling mechanical and reactive mass transfer problem has been recently
examined [1]. Slightly non-isothermal diffusion-reaction problem in a catalyst pel-
let was studied in [2].

To overcome the time and computational resources challenge of pore-scale mod-
eling, the most suitable way is to upscale the local problem and to consider the
porous medium as a continuous domain. Several approaches exist to perform such
upscaling: method of moments [3, 4|, periodic homogenization technique [5, 6],
homogenization by two-scale convergence |7, 8|, volume averaging technique [9].
In this work, the problem of diffusion in the fluid phase and heterogeneous first-
order chemical reaction at the fluid/solid interface is investigated. In the literature,
the convection and diffusion are frequently considered for the transport problem.
However, the main challenge for the upscaling procedures stems from the heteroge-
neous reaction. Three cases (related to the order of magnitude of the macroscopic
Damkohler number Day ), namely predominating reaction, diffusion-reaction of the
same order and dominating diffusion, can be distinguished. In the linear case with
a small Damkdhler number, all upscaling techniques give the standard result of a
macroscopic diffusion-reaction equation characterized by a macroscopic diffusion
tensor solely depending on the geometry and microscopic diffusion coefficients, and
a reactive source term depending on the specific surface area, reaction rates and
concentrations [9].

Specific applications of this problem can be found in many fields. For example,
in electrochemical systems, the porous bio-electrode proceeds to reduce oxygen
indirectly so that heterogeneous reaction and diffusion of the two dilute species O,
and HyOs are involved [10]. The reaction rates depend on the operating potential
and can be very large for a low operating potential. The macroscopic equations
developed in [10] form the basis of a numerical tool for optimizing porous micro-
electrode thickness [11]. However, the authors considered only the low kinetic
number regime for the sake of simplicity. The high Damkohler regime remains
an open issue. Another field of application is agronomy with ion uptake (metals,
ligands, ligand-complexed metals) by roots. Homogeneous and heterogeneous re-
actions combined with the diffusion mechanism take place in the soil with very
variable orders of magnitude of the reaction rates [12|. There is a strong motiva-
tion to elucidate the upscaling procedure for diffusion-reaction problems especially



in the case of large Damkdohler number.

Battiato and Tartakovsky have applied the asymptotic expansion method in the
case of diffusion-advection coupled to a non linear chemical reaction for small values
of Damkéhler number considering one species [13] and multi-species [14]. However,
the standard multiscale expansion fails to derive macroscopic mass conservation
equations in the case of a large Damkohler number. In a previous work [15],
we have examined theoretical models for the diffusion of two species coupled to
a heterogeneous reaction by the classical periodic homogenization procedure. It
has been emphasized that the homogenized models obtained for high Damkdhler
number fail to predict the physics at short times when the chemical equilibrium is
not achieved.

For the more challenging case of predominating reaction, several attempts have
been made to derive macroscopic laws for one species. The first one goes back to
Shapiro and Brenner [16] using the method of moments. Mauri [17] has used the
periodic homogenization method to upscale the diffusion-convection problem cou-
pled with linear heterogeneous chemical reaction for different orders of magnitude
of the Péclet and Damkohler numbers. The homogenized diffusion (or dispersion)
tensor is affected by the local chemical reaction rate for high values of the Damkoh-
ler number. Its determination requires the resolution of a boundary value problem
coupled to an auxiliary eigenvalue problem. With the help of the volume averag-
ing approach, Valdés-Parada et al. [18, 19] have shown that the effective diffusion
tensor depends on the reaction rate for high Damkdhler number. Multi-species
diffusion /heterogeneous reaction problem has also been studied by Qiu et al. [20]
using the same approach. Effective diffusion and co-diffusion tensors depending
on the reaction rates are introduced and the authors highlight the influence of the
local variation of the reaction rate on the macroscopic response of the upscaled
model.

A general framework to study the diffusion-advection-reaction problem in the case
of large Damkohler number has been introduced by Allaire et al. [21, 22] combining
the asymptotic expansion method with spectral problems at the unit cell level. The
authors highlight the influence of the reaction on the diffusion-dispersion tensor.
Recently, this technique has been used by Bourbatache et al. [23] to upscale
a diffusion-reaction problem for a single species. Municchi and Icardi 24| have
solved the same problem including advection.

The novel method proposed in this paper to upscale a two species diffusion /reaction
problem makes use of a change of variable based on a spectral approach coupled
with a homogenization procedure. The concentrations are developed in series
in the basis of eigenfunctions associated with periodic spectral problems, thus



forming a new microscopic problem to be homogenized. The proposed approach
leads to consistent homogenized models, even for large Damkoéhler number values.
These models are capable of capturing the physics at very short times, when the
characteristic time of reaction is much faster than the diffusion one.

2. Pore-scale model

2.1. Initial problem

Consider a porous medium occupying a macroscopic domain * of characteristic

length L, composed of an immobile fluid phase €2} and of a rigid solid phase €2;

the solid-fluid interface is denoted I'},. We consider a diffusion problem of two

species A and B in the fluid phase ©}. At the solid /fluid interface [}, a reversible

chemical reaction occurs as follows

AL B ar (1)
k3

where kI and kj are the associated constant reaction rates. It should be noted

that the dimensional quantities are indexed by the superscript *.

Let ¢i and ¢} be the concentrations of A and B respectively. Assuming that

the transport is ruled by a Fickian process, the microscopic diffusion/reaction

equations at the pore-scale are written as

(Ot * A vi : *
a;% — VL (DyVEG) = 0 in (2)

—DiV*ci -ng, = kici —kic; at I,

\ —-D;V*c;y -ny, = kicy —kic; at I'j,

where D} and D3 denote the diffusion coefficients of A and B respectively, ny, the
normal unit vector at the solid /fluid interface pointing out of the fluid phase.
The microstructure of (2* is assumed to be constituted of the repetition of a periodic
elementary cell Y* of characteristic length [. The macroscopic and microscopic spa-
tial coordinates are noted x* = (xf, 3, x3) and y* = (v}, v5, y3) respectively.
The scale separation condition (I <« L) allows introducing the small parameter
e = [/L, the micro-scale [ to the macro-scale L ratio.

The elementary cell of the porous medium Y™ = Y/ U Y is composed of the
fluid phase Y/ and of the solid phase Y. The boundary of the fluid phase
oY} = 0Y}, U 0Y}, is constituted of the solid-fluid interface Y}, assumed to
be impermeable and of the external interface 9Y}, (figure 1).
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Figure 1: Schematic representation of a porous medium with periodic microstructure. a) Macro-
scopic scale. b) Elementary reference cell.

2.2. Associated spectral problem

The initial microscopic model will be transformed into a new problem associated
with the following spectral problem defined in the periodic unit cell Y*

SV (DY) = Al in ¥}
v (D) = N, in ¥ 5
_’DTV*win RAYE = kik win - k; w;,n at aY];ks

_D;V*w;,n ‘Nys = k; w;,n - kT win at 8}/;3

where ¢ (y*) and ¢35, (y*) denote the Y-periodic eigenfunctions sharing the same
eigenvalues Ay, with n € N.

Three important points must be emphasized. First, the eigenfunctions 7, and
Y3, are defined to within a same multiplicative constant. Secondly, it should be
noted that A\j = 0 is also an eigenvalue associated with the constant eigenfunctions
Y7o and 93 satisfying the condition kj ¥, — k3 ¢35, = 0. Thirdly, the eigenfunc-
tions (¢¥7,,,%3,,) for n > 1 obey a compatibility equation. Integrating Eqs. (3a)
and (3b) over Y/, using the divergence theorem yields

WY + @) =0 for n>1 (4)

where the operator (.)7 denotes the intrinsic average in the fluid phase of the unit
cell defined in (20).



The unknowns ¢ (i € {1,2}) are sought in a series development related to the
spectral problem as follows!

(", x",y") = ) U, (") exp (=AntY) o, (X7, y") (5)
n=0

where v}, are new variables depending also on time and position.

The decomposition (5) is based on the idea of a separation of variables in the
unit cell Y. This choice is justified by the orthogonality condition (A.9) for the
eigenfunctions ¢, (see Appendix A and reference [25]). Generally, the function
vf, should be constant in the unit cell, i.e. depending only on x*. However,
the complex feature of local chemical non-equilibrium at short time requires that
v}, should depend also on y* and ¢* in order to describe two separated time
scales: a short time related to the chemical reaction in the exponential term and
a macroscopic time corresponding to the transport problem. As shown later, at
the leading order O(e°) corresponding to the macroscale, v}, is only function of
x* and t* (Eq. (24)).

Inserting (5) into the initial problem (2) written on Y} yields

(

S, (% sc)
CXPl{—A,, n x  ‘\n Ui,n
— ot
—V* - DV ()] | =0 in v}
- Z eXp<_/\;t*>Div*(w;nvin) cMys
n=0
= Z eXp<_)\nt ) (k1¢1,nv1,n o k2¢2,nv2,n) at an&
n=0
= D exp(= At ) DV (45 ,05,) - nys
n=0
= Z eXp(—/\th*) (k;¢§,nvg,n - quﬁinvin) at aY;s
\ n=0

When the eigenvalues are well separated, the problem (6) can be solved separately

LA priori the unknowns ¢; depend on the macroscopic and microscopic space variables x* and
y* assumed to be independent.



for each value of n, leading to the n-systems of equations for v},

,n Z n

* ES 7
_DTV* (Qﬁl,nvin) ‘s = kjlz/}l,nvin - k;¢2,nv2,n at 8Y;s ( )
—DoV* (Y5,,05,) -mys = ks s, — kius vf,  at Y},

Multiplying (7a) by v7,, gives

v
o (T ) = VDIV ()]

oy
*2 ,n * ) %2 * _ * * * * * *
i,n Ot = A w i,n - i,nV [D v ( in zn)}
= w;“nv* ('D*z/;* Vv*vr, + Dfv ;‘nv*w:n)

0V (DEV*0,,) —|—2D*z/1’ veyr, - v, O)

ZTL zn

v (D*w*2V*vm)+w* 5V (DI,

,n N

i+l

Using spectral problem (3a) and (3b), the last terms of the left and right hand
sides of (8) cancel out. It yields
8 :TL * )k *
U = T (DY), )
On the other hand, multiplying the interface condition (7b) by ¢{,, and using the
boundary condition (3c), yields

2
k; >1kn Uin k2w1 an nUQ n = “1fs" wainv*(winvin)
= _nfs ’ (’Diwl,n 1,n Iwinvinv*win)

= —ny - (DI VL) + 900, (R, — K593 ,). (10)
We finally obtain the interface condition for vy,
—DiUin VL myps = kUt 05, (01, —v3,)  at O (11)

A similar development can be performed to obtain the interface condition for v3 .

Let define 5}‘7 = Djyi% and D =7D; ;n The microscopic problem of v7 ,, and
v5, to be homogenized is now ertten as

( * ~
wl n at* - V* ’ (Dinv*vin) m Y];k
w2n 3t* = V*. (5§7nv*vg,n> (12)
_?T,nv*vl,n ' fS = k; win wg,n (’UT,n - U;,n) at an
\ _D;,nv*vg,n "Ny = k? Qpin ¢§,n(’u§,n - Uf,n)‘

7



The initial problem (2) has been transformed into n diffusion problems in the
unit cell with a spatially periodic diffusion coefficient. The main difference is in
the form of the boundary condition at the interface 9Y}, which will allow the
homogenization of the problem.

3. Periodic homogenization procedure

Our aim now is to upscale the microscopic model (12) for v}, in order to con-
struct the average mass conservation equations at the macroscale. This task is
accomplished through the formal homogenization procedure.

3.1. Dimensional analysis

A dimensional analysis of the equations is first performed. Let ¢,, D,, k., ¥, v,
be the reference quantities of concentrations, diffusion coefficients, reaction rates,
eigenfunctions 97, and unknown functions v;,,.

Defining the dimensionless quantity as f = f*/f,, where f, is the reference quantity
of the variable f*, we have

* * * * * * *
_ xr _ Y - Ci,n D, — D'L Lk — kz _ Yin o vi,n 13
m_fa y_Ta Cin = ) i D ) i_k_a Qpi,n_ y Uin = . ( )
Cr r T % (%%

[t must be quoted that ¢}, are dimensionless variables so that ¢, = 1 and v}, has

\n

the dimension of concentration (noting that v;,, is solution of a diffusion equation
(12)).

The reference length scale is chosen as the macroscopic length L so that we have:

\% V.
Vi=— V'"=— 14
7, d (14)
Finally, the reference time is chosen as the macroscopic diffusive time
L2
t, = — 15
o (15)

Using (13), (14) and (15), from (12) the dimensionless microscopic problem for
U1, and v, can be written as

( a ~
V2, glt" - V. (mem) in Y,
OVa ~
¢§,na—2t’ = V- (DQ,nVUQ,n> (16)
_Zzl,nvvl,n ‘Nys = DaL k? 7ﬁl,n wZ,n(vl,n - U2,n) at 8vas
\ —DQ,nVUQ,n Ny = Day, ky Z/Jl,n 1/12,71(112,71 - Ul,n)

8



where Day, represents the macroscopic Damkohler number defined as the ratio of
the macroscopic diffusion time to the reaction one

kL

DaL = DT

(17)

3.2. Reduction to a one-scale problem

To proceed within the periodic homogenization framework, the above problem
needs to be reduced to a one-scale problem in considering three different scenarios
related to the order of magnitude of the Damkdhler number:

e Case 1: predominating reaction rates when Da; = O(e™1)
e Case 2: diffusion and reaction of the same order when Daj = O(&)

e Case 3: dominant diffusion when Da; = O(e)

where ¢ = [/ L denotes the scale ratio and €, p € Z the reference scale of compar-
ison to reduce the problem to a one-scale problem.

The results of the upscaling procedures for the three different orders of magnitude
of the Damkohler number are summarized in Result 1, Result 2 and Result 3 at
the end of each section.

3.8. Asymptotic expansion

To perform the asymptotic expansion, the perturbation parameter ¢ = [/L is
assumed to be small. Thus, we postulate the ansatz

(x,¥,t) Zskf X,y,t (18)

where the functions f*) = f®)(x,y,t) (k =0,1,2...) are y-periodic. The differen-
tial operators are given by

ViExy,t) = V.fE (X y.t)+e 'V, fOx,y,1)

VO t) = Vo Oy ) +e7'V, fOxy, 1), 1

Finally, the average, intrinsic average and area average operators in the unit cell
are defined as

1

1 1
— dv: f_ dv: fs _

| anS | 8Yf5

£d5.(20)



4. Case 1: homogenized model for predominant reaction

The predominant reaction with Da; = O(e7!) is the most interesting case in which
the classical homogenization procedure fails to predict the macroscopic conserva-
tion laws for short time as discussed in [15] and in section 4.3.

4.1. Asymptotic expansion
Considering Day, = O(e7!), the e-microscopic model of Eqs. (16) is written as

(e)
, i, ~ ) .
¢1,na—’ = V. (Dl,nVULn) in Yy
3“2@7)1 3 (e)
ot = V- (DQ,nva) (21)
_élmvvgi)z ‘Nyps = 5_1k'2 wl,n wQ,n(UfBL - Uéi)l) at ans
Dy, Vs, g = &k Gt (0f), — 0l0)).

) ;1

In particular, for n = 0 corresponding to the eigenvalue \qg = 0, the eigenfunctions
defined to within one multiplicative constant are given by:

2 2
V1o = k—? and %,0:,/]{:—1. (22)

This expression satisfies the normalization condition (31) that will be imposed
later.

Using the asymptotic expansion (18) for the unknowns vﬁl and véi)l and the ex-
pression (19) for the differential operators, the successive powers of € in Egs. (21)
are now collected.

e Order O(c7?)
At order O(¢7?) in the volume and O(e7!) at the interface, Eqs. (21) become

V, (D, V,) = 0 in Y,

~ 0
V, (D2, V) = 0 (23)
~D1 Vvl Ny = hath e (v]n —vl)  at Yy,
_DMV@/US,)T)L'nfs = k1¢1,n¢2,n(vg,2l Ugoqzb)

It is obvious that
0 0
VOt x,y) = vi(tx,y) = v(t, x) (24)

10



is solution of the problem (23). The uniqueness of the solution can easily be
proved for n = 0 when the eigenfunctions 1 o and 1, are constant and positive?.
However, for n > 0 it is not straightforward and will not be proved in this work.
Henceforth, we consider (24) as the solution of (23).

e Order O(c™)
At order O(e7!) in the volume and O(e) at the interface, we have

(

V, D (Voo + Vo)) = 0 in Y,
vV, |Din va£°>+vyv§},{ — 0

3 oW (25)
_Dl,n V$’Un —|—Vy ln 'I’Ifs = kg@[)ln@/)gn( —1)2”) at ang

_52,n van +Vyv2,n Ny, = klwl,nw2,n(fl)27n—v§2>~

\

By linearity, the solution for vl n ) and v ., in y is sought in the following form with

a same additive constant oY dependmg on t and x

vﬁ{ = Xin- Vol + ﬁ,(ll)(t, X) (26)
vé,)L = Xon- vaff) + ﬁ,(ll)(t, X)
where the vectors X, and Xx,, satisfy the following coupled problem
0 = V- |Din(I+(Vyxi,)' )| inY;
~ T
0 = Vy . IDQ,n I+ (VyXQ,n) (27)

_élvn (I + VyXl,n) "Ny, = ko)1 nthon (Xl,n - X2,n) at 8st
_DQvn (I + VyXZ,n> "Ny klwl,n¢2,n (XQ,n - Xl,n) .

where the superscript T denotes a matrix transpose.

e Order O(£%)

2Indeed, setting U = véog—vg 3, using (22), Egs. (23) can be transformed to a Laplace equation
for U with homogeneous Robin-Fourier boundary conditions similar to (35) that admits a unique

solution U = 0 and therefore Ug 3 = v(o)

11



At the leading order O(1) in the volume and O(e
dependent problem for vy,

(

(0) .

1S written as

~1) at the interface, the time-

(%n r~ -
1/}1 e 815 = Vy ' Dl " (Vyvl n + V:L" 5171)
+ V.- |Di, ( Vo) 4 V0 >> in Y,
3vn - -
w? n 8t = Vy : _DQ n < yv2 n + VCL“UQ n)_ (28)
+ V- D2n ( yvélz + Vz U )
_D () (2 (2
Dl:n Vyvl n + VJU/Ul N fs — kal,an,n ) n (%) n at ans
_52,71 VyU§27)L + V$U2,n ny, = k1,2 Uézn - Uﬁ)l

\

Averaging Eqs. (28a) and (28b) over the fluid phase of the unit cell, taking into

account the interface conditions (28c) and (28d) and considering the solution (26)
(1)

for v, we get
| (i) av_ff)) = V.- _<1517n (1+(Voxa n)T>>fva,(10) _
e,
(¥3.0) agz = V. (Do (T+ (Vyxg,n)T)>fov£°)
| - ST (i (2-2£2))

By adding these two above averaged equations previously multiplied by k; and ko
respectively, we obtain

81)7(10)

(b () + ke (02, )) S
~ ™\ 7 ~ ™\ 7
Vx{ |:k1 <D1,n <I + (VyXLn) >> + k2 <D2,n (I + (VyXZ,n) >> :| . Vx’ULLO)} :

(30)

To ensure uniqueness of the spectral problem, the eigenfunctions are normalized
by imposing

ki + ko

k(02 ke (02,) = (31)

12



which leads to the macroscopic equation for 1)7(10)

v
" = V, (D, Vo). (32)
ot ’
The effective diffusion tensor D, ,, is defined by

Pon =7, 6 5 (P (1 (V1)) + b : 5 (P (T4 (Vixa)) ) @

In particular for n = 0, the local problem (27) reduces to

V, D (T4 (Vyxi0) )| = 0 in Yy

V- | Dy (I + (VyX2,0)T =0 (34)
—Dl (I + VyXl,O) Ny = kl (XLO - XQ,O) at anS
—Dy (I +Vyxa0) nps = ka (X0~ Xi0)

where the expression (22) is used for ¢ and ;0. Setting © = x; ¢ — Xop, it
can be easily proven that © is solution of a Laplace equation with homogeneous
Robin-Fourier boundary conditions

V,0 -ns + 60 =0 at dYy,
. ki ko .
with 8 = D + Do > 0, leading to © = 0 and therefore to x; o = X209 = X-
1 2
In this case, the expression D, o reduces to the simple expression
kDS + kyDST
D,y = 36
0 — (36)
where the effective coefficients are defined as
!
Do — <D1 (I + (Vyx)T>> -
!
D' = (D (1+(9,x)"))
and x is solution of the classical tortuosity problem
Ayx = 0 in Yf
(I+V,x) ngp = 0 at 0Yy, (38)

x) =

13



4.2. Back to concentrations

*

In the development (5) of the concentrations ¢}, when the eigenvalues are well
separated, it is legitimate to consider only the two first eigenvalues \j = 0 and \j
with their corresponding eigenfunctions. At the leading order, we have?

(0 +  %(0 * w5 *(0
01( ) = wl,ovo( ) + Q/’1,1 exp(—AJt )Ul( )

(39)
*(0 «  *(0 * s %) *(0
02( )= 2,0”0( )+ Py 1 exp(—ALt )711( )

In the sequel, to simplify the notations, the superscript () is henceforth omitted.
It should be noted that the concentrations ¢} and ¢} at the order O(£°) are y*-
dependent variables since 97, and 93, depend on y*.

Averaging (39) over the fluid phase of the unit cell gives

(i) = digue™ + (¥71) exp(=Ait)v (40)
() = Wsoue" + (¥51)7 exp(=Ait*)vf.

On the other hand, going back to dimensional variables from (32), we easily get

*
ov}

ot*

Vi (D}, - Vi) (41)

where from (33) and (36) the dimensional effective coefficients D}, and D;; are
given by

kiD; + k3Dy T
* ki N x % \T f k; Nk x % \T f
D’U,]_ = m <D171 |:I+(Vy*Xl,l) :| > + M <D271 |:I+(Vy*x2,1) :| > (43)

The vectors x7; and x5 ; are solutions of the local problem

Vi | Diy (I+(Vixiy) =0 in Y;
* N* * * T
D (I +Vyxin) nps = k3uii0s, (Xii —x3)  at 9V,
—Dé,l (I + VZ*Xz,l N = kikwiklw§1 (X§,1 - Xf,l) :

).
).

3This choice discussed later is also explained by Eqs. (B.7) and (B.8) of Appendix B.

14



For n = 0, x* = X7 ¢ = X3, is solution of the problem (38) in dimensional form

with constant eigenfunctions corresponding to the eigenvalue A\j = 0 given by

wl,ozﬂk—? 1/12,0:\/]{;_; (45)

Using (41) for n = 0 and n = 1, the time derivative of Eq. (40a) yields

0{ci)!
ot*

= Vo (Dhy - Vien)) + Ai{el)! =
ViV - [(D;,o - D:;,l) 'V;*Ué} + MY oo (46)
A similar development for ¢} gives

)’
ot

— Vi (D} - Vi) + M(e) =
w;,ovjs* : [(Dz,o - D:,l) Vi Uo} + A5 oUO . (47)

Using the compatibility condition (5 1)/ + (15 )7 = 0 of the spectral problem (3),
we obtain from (40)

o (D ()
TR

To finish, inserting (48) into (46) and (47) leads to the following result of the
average mass conservation equations.

(48)

Result 1. For a predominant reaction corresponding to Day = O(e™1), the con-
centrations at the leading order are solutions of the homogenized coupled diffusion-
reaction problem

o) o (MDm+EDL, . .
o Ve KR $Valer)
k;(Dvo f ki(eh) = k3(c5)!
-V, Al 0
Va T > + [y
(49)
o) g (KDL =Di) oo
ot* ) kx + k3
kDI, + kDY, k(e — ki(es)!
. ** f o )\* 1 2
v (SR ) Sk
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where the homogenized diffusion tensors D}, and D, are defined by (42) and

(43)-

The above equations represent the macroscopic mass conservation law for the
averaged concentrations with coupled diffusion terms and with an exchange term
due to reaction depending on the first non-zero eigenvalue A of the associated
spectral problem.

4.3. Comparison with the classical periodic homogenization

The objective of this subsection is to compare the result obtained by the current
approach with that reported in [15] using a classical homogenization procedure.
Let consider only the first eigenvalue value \j = 0. Going back to dimensional
concentrations and omitting the superscript (%), we have from (39)

= Pig¥
% *’ * 50
G = ¢2,0U0‘ (50)
Therefore, the homogenization problem (32) for n = 0 leads obviously to
oc}
ot

for i = 1,2, where the homogenized diffusion tensor Dj , is given by (42).
The concentrations are related by the constraint

kici —kycy =0 (52)

= Vi (D Vi) (51)

according to (50) and the expressions (45) of ¥7, and 3.

This result is also obtained by the classical homogenization approach as reported in
|15]. Tt is important to notice that considering solely the first eigenvalue A is only
valid for long diffusion times and cannot handle boundary and initial conditions
that does not verify the equilibrium condition* (52). This point has been analyzed
in [15]. The correction with the first non-zero eigenvalue A} enables to overcome
this difficulty, which is the main interest of the approach proposed in this work
leading to Result 1. According to expression (B.8) of Appendix B, it is clear that
the gap with the equilibrium condition is described by the non-zero eigenvalues.
Moreover, as the eigenvalues increase with n, the main information is contained in
the first non-zero eigenvalue A\j. Due to the exponential decay, the contribution of
the other eigenvalues becomes rapidly negligible with time.

4In that case, we have a boundary layer problem that will be studied in a further work.
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5. Homogenized model for diffusion-reaction of the same order

The intermediate case corresponds to diffusion and reaction characteristic times
of the same order at the macroscale, i.e satisfying Day, = O(e°).

5.1. Asymptotic expansion
Considering Day, = O(£°), Egs.(16) reduce to

( ov'®) -
win% _v. (Dmvvﬂ) in Y,
2 81}2@7)1 ~ (&)
1#2,718—757 = V. (D2,nvvg,n) (53)
_f’zlmvqu)z Ny = kothry ¢2,n(vf,)l — Uéi)l) at Y,
\ _D2JLVU§2L ‘Nys = kl ¢l,n ¢2,n(vé?l - USZL)

In a similar fashion with the first case, the successive powers of € are collected.
e Order O(c7?)
At order O(£7?) in the volume and O(¢7!) on the interface 9Y7,, we get

V, (D1,V,0l) = 0 inY;
V, (D2, V,oih) = 0
—ﬁl,nvyvi?%'l’lfs = 0 at ang
—D,, V50 np = 0

(54)

(0)

1n

(t,x,y) = 0\ (t, %) and v$) (t,x,y) = v5o(t, ).

v

leading straightforwardly to v
e Order O(c™!)
At order O(e7!) in the volume and O(£%) on the interface, it yields

;

YV, |Din (Vo + 9,08 = 0 in Y;
V- | Do (Va0l) + V08 = 0
“Din (Vari + Vol ) g = kotbiathen(v

n

(
1
_52#& vaé?%jLVyUé,l) Ny, = k1¢1,n¢2,n(véo _/U:([,OT)L>

n

\

Averaging Eq. (55a) over the unit cell and using the divergence theorem together
with the interface condition Eq. (55¢), result in <v§0,1 - 0507)1) (h10th2n)* = 0 as
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v“))

and vé?r)z are y-independent variables. The solution is ol (t,x) =

= v (t,x)

1n
() i sought in the

(56)
(57)

1,n
Comlng back to problem (55), by linearity the solution for v;,,
form
Vi = Xi* Vari + 015 (t%)
Usin = Xon Vel + Tt %)
where v§ and . v2 . are two additive constants depending on ¢ and x for the unit

cell problem X1, and X,,, are solutions of the following cell problems

D (I+ (Vyxin)'
Do (I+ (VyXan)'

~Di (I+VyXi)  Dys
—Ds.p, (I + Vsz,n) ‘N

v,
v,

oo o o

in Yf

(58)
at 8st

[t can be noticed that unlike case 1, the problems of x; ,, and X, are independent
and decoupled here. To ensure the uniqueness of the solution of x;, and Xx,,,
the supplementary condition of zero average in Y is added. This condition has
no influence on the homogenized diffusion tensor, as only the gradient of x; , and
Xa,, 18 involved.

For n = 0, the problem (58) reduces to the classical tortuosity problem (38).

e Order O(?)

Finally, at order O(£°) in the volume and O(e™') on the interface, we obtain

e

18

vl [~
¢1 n at = Vy ’ _Dl n (Vyvl n )
+ V.- D1 n ( yv% > in Yy
vl r W\ ]
Vi o = Vv Dz n ( JUss + V0 i) (59)
R
D (2) . W
Dl,n VyU1 n + val n = k2¢1 n@[)g n Ul n (%) n at ans
L _,52771 Vyvgng + VIUZ n - klwl,nwln UQ - Uilr)L



A development similar to case 1 can be carried out to obtain the same macroscopic

equation for e

31},(10)

(kl <¢%,n>f + k? <¢%,n>f> ot =

v, { [kl <51,n (I v (Vyxl,n)T) >f Ty <152,n (I + (VyXM)T) ﬂ - vl,u;f))} . (60)

Considering the normalization condition (31), we obtain Eq. (32).

The difference between these two cases only comes from the closure problem for
X1, and X5, as discussed previously, except for n = 0 where both cases share the
same local problem for x.

5.2. Back to concentralions

Going back to dimensional variables in order to obtain the macroscopic diffusion
equations at the leading order for the concentrations (c;)/ and {c})’ and proceeding
in the same manner as in §4.2, the following result is obtained.

Result 2. For a diffusion and reaction of the same order corresponding to Day, =
O(%), the concentrations at the leading order are solutions of the homogenized
coupled diffusion-reaction problem (49) similar to case 1. The only difference stems
from the decoupled closure problem (58).

5.3. Comparison with the classical periodic homogenization

As for case 1, considering only the first eigenvalue value \j = 0 and omitting the
superscript (@ lead to

CT = QbiOUS (6 1)
* * *
5 = wQ’OUO.

Therefore, the homogenized problem (32) for v’ is written as

80;-* . k*D*eH—Fk*D*eE . .
ot _Vm*'Kl rEa )'Vx*c’} -0 (€2)
1 2

for ¢ = 1,2 with the constraint:

kici — kics = 0. (63)
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The homogenized tensors DI and D3 are given by:

D = (D <I+(V;}x*)T>>f
Dy = (D (I+(V;*X*)T)>f

where x* is solution of the local problem (38).

Considering only the first eigenvalue A = 0 in expression (5), the result of case 1
with predominant reaction is recovered. In addition, these homogenized equations
can be obtained by a classical homogenization procedure (see [15]). Again, such
a homogenized result is only valid for long diffusion times and must be corrected
by an additional term corresponding to the first non-zero eigenvalue A} leading
to Result 2 in order to capture the complex behavior of the diffusion/reaction
processes at short times.

(64)

6. Dominant diffusion

The last case corresponds to a predominant diffusion for which Da, = O(e).

6.1. Asymptotic expansion of equations
For Daj = O(¢), the e-model reads as

( av(f) .
77/}%” al,n - V. <’D17nV1)f7)l> in Yf
(%%E) ~
V3 n% = V. <Dz nvvégr)t> (65)
—Danv ‘Ilfs = chy wln%n(%n - “éi) at 0¥,
—D2 an nNyps = k1,1 n(UQn - Uﬁ)%)

e Order O(c7?)
At order O(¢72) in the volume and O(e7!) on the interface, the problem reads as

= V, (D1.V,0)) nY;
=V, (D2 Vel
—151,nVyv§?T)L ‘nyps  at Y
—DQ,nVyvé?% ‘N

(66)

oo o o
|
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whose solutions are vﬂ(t,x, y) = vi?r)z(t, x) and vé%(t, X,y) = vg},{(t, X).
e Order O(c™)
At order O(e7') in the volume and O(&°) on the interface, it yields

( 0 = V,. 51,71 vag?r)1+vyv£1,)1 in Yy
0 = V,- 52,71 V$U§O,)L+Vyv§’1,)1
0 = B (Tl ) et oy !
0 = Dy, (Ve + Vo, ) - my,

\

where the problems for vgl,)l and vélr)l are decoupled. The solution is sought in the
form ) 0 =)
Uipn = Xipn® Vﬂ?vl n (t X)

Uy n
(1) 0) , ~D)

Vom — XQ,n'V$U2n+ 2n(t X)

where X ,, and Xx,,, satisfy the local problems

T

0 = V,- 51,n I+ (VyXl,n) in Yy

0 = Vy : 52,71 I + (VyX2,n)T (68)
0 = _@vl,n (I +Vyx1,) 0y at 0¥,

0 = _DQ,n (I + VyXQ,n) ’ nf5‘

e Order O(c)

At the leading order, the problem is written as

aUl no [ (2)

¢1n at - Vy' Dl” Vy“1n+v n

+ Vx . Dl n ( y’l)gl,r)l + VJ;"UI r)z> in Yf
0 L J
wQav—é’% - v, |D ( v! +VU”)'
2,n at Yy i 2n Yy 2n TY¥2n | (69)

+ V. |Dy, ( yvéﬂi+vx ),

—51771 Vy,U%Qr)z + Vg; 117)1 = kal,nwln U107)L — ’Uéor)l at 8st

_752,n Vy”é%l + Vz 2 n = k1¢1,n1/)2,n Uéov)l - vﬁoi

21



Averaging Egs. (69a-b) over the fluid phase of the unit cell and taking into account
the interface conditions (69¢-d) lead to

( ol ~ f
(Win) 5 = Vx-<<2>1,n (T+(Zx)")) -vaﬁil)

kg (Uﬂ - véoi)
- wl,nwlndA
|Yf| Yy, (70)

(W) = = Voo <<152,n (1+ (Vyxg,n)T)>f-vxv§?%>
K (Uéof)b - UE%)

. |Yf | Yy,

V1nthe,ndA.

6.2. Back to concentrations

When the chemical reaction is slow, the series development (5) can be limited to
the first term corresponding to n = 0 and A\j = 0, 97, and v3, being defined in
(45). Since vy and vy are independent variables, it is legitimate to impose the
initial conditions for the concentrations by using the initial conditions of v; ¢ and
v20. As a consequence, for n > 1 the initial conditions for vy, and vy, are null
and the functions vanish.

The macroscopic mass conservation laws in dimensional space for the concentra-
tions cj and c; at the leading order are obtained as follows

Result 3. For dominant diffusion corresponding to Dap, = O(e), the concen-
trations at the leading order are solutions of the homogenized coupled diffusion-
reaction problem

aC* * * * A\ \S * ok |8Y*5’ * % * ok

AR <<D1 (I+Vix)) .Vx*q) — —‘ijf| (kres — kich) o
71

86* * * * * f * ok |8Y*8| * %k * %

e = Ve (B Vi) 92s) = I (s~ i)

where x* is the solution of the classical local problem for diffusion (38).

It should be noted that such a result can also be obtained from a classical homog-
enization procedure [15].
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7. Conclusions

A multiscale procedure has been developed to model the diffusion/reaction pro-
cesses of two species in a periodic porous medium based on a spectral approach.
The initial pore-scale problem is transformed into an auxiliary problem by expand-
ing the concentrations in a series of eigenfunctions related to the spectral problem
defined on the unit cell. The homogenization technique is then used to upscale
the local problem to obtain the macroscopic laws. Three different cases, predomi-
nant reaction, reaction and diffusion of the same order of magnitude and dominant
diffusion are studied.

For predominant reaction with a Damkoéhler number of order O(e™'), the macro-
scopic equations exhibit a complex behavior characterized by a source term de-
pending on the reaction rates introduced through the first non-zero eigenvalue and
by coupled diffusion terms. If only the first null eigenvalue Ay = 0 is considered,
the result of the classical homogenization procedure is recovered but the chemical
equilibrium is then imposed everywhere in the fluid phase. Therefore, the clas-
sical homogenization procedure fails to predict the diffusion/reaction behavior at
short reaction times. The correction induced by taking into account the non-zero
eigenvalues allows us to overcome this difficulty. The proposed model is able to
capture complex phenomena at short times when the chemical equilibrium is not
established.

When the reaction time is of the same order as the diffusion time, i.e. Dayp =
O(e), macroscopic mass conservation laws are similar to the preceding first case
(Day, = O(e71)). The only slight difference comes from the closure problems for
the diffusivities where no coupled term between both species at the interface is
present.

When the reaction is slow and the diffusion dominates, the spectral approach and
the classical homogenization procedure give the same result. The macroscopic laws
have a source term depending only on the specific area, reaction rates and average
concentrations. The effective diffusion coefficients are independent of the reaction
rates.

In future work, numerical simulations will be performed to show the potential of
the current multiscale approach. Moreover, the convection problem will also be
considered in the extension of this work.

Acknowledgment : The authors would like to express their sincere thanks to
the NEEDS program for having supported this work.
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Appendix A. On the orthogonality of the eigenfunctions

Let us consider again the spectral problem (3) without superscript to simplify the
notation

-V (Dlvwl,m> = Amwl,m in Yf

-V. (DQVl/)Q,m) - /\ml/)Q,m n Yf (A 1)
—Di Vi1 -nyps = ki1, —kathom at 0Yy, '
—DsV o -Nps = kothom — k11, at 0Ys.

We consider two eigenvalues A, et A, and the corresponding eigenfunctions v ,,
and 1, for the first species associated with the concentration ¢;. For the sake of
simplicity, assume that the diffusion coefficients are constant® on Y;. We have

Dl v2¢1 m _)\md}l m
' ' A2
{ DV, = —Autn (4.2)

By multiplying the first equation by —1; ,, and the second one by 1, ,,, integrating
over the fluid phase of the unit cell and summing the two equations, we get for

n#m
/ <_,D1¢1,nv2¢l,m + Dlwl,mv2wl,n) dv = ()\m - )\n) 2/}l,m ¢1,ndv: (AS)
Y,

Yy

The left-hand side transforms into

/ (=D101,, VU1 + D1th1, Vi1 ) AV =
Yy
Dl/ V- (V1.m V1) = V- (1, V1 )] AV
Yy

D, / i Vit — Prn Vbl -0y dS (AA)
av;

where 0Y; = 0Yy. U 0Y},. By periodicity, the integral vanishes on the external
boundary 0Y}.. Accounting for the boundary condition on 0Y%,, we get from (A.3)

(/\m - )\n) wl,m ¢l,ndv = /ay [¢l,m (_kldjl,n + k21/}2,n)
ts

Yy
+ 1)1 (k1P1m — kothom)] dS
= kQ/ (¢1,m¢2,n - 77Z)1,nqvb2,m) ds. (A5)
Y

5A generalization to non-uniform diffusion coefficients does not present any difficulty.
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Applying the same procedure for vy ,, and 1, yields

(/\m - )\n) ¢2,m ¢2,ndv - kl /3 (¢1,n¢2,m - ¢1,m¢2,n) ds. (AG)
Yy

Yy

Combining relations (A.5) and (A.6), we obtain the orthogonality condition for

n#m
/ (F11,m Y1 + koo 2) AV = 0. (A.7)
Yy

Finally, taking into account the normalization condition (31) for the eigenfunctions

B (02,0 + ks (02,0 = by + e (A.8)

The orthogonality condition for the eigenfunctions is written for (n,m) € N%

/ (k11 m V1m + kothon Yom) AV = (k1 + k2) s (A.9)
Yy

Appendix B. Importance of the first eigenvalue

*

At the main order for the concentrations, omitting the superscripts * and (), as
v only depends on (,x) according to results® 1 and 2, we have from (5)

Cl(taxa Y) = \/ _UO t X +Zwln eXp )\nt)vn(tax)
CQ(taX>Y) = \/ tX +Z¢2n eXp )‘nt)vn(tax)'

Let us specify the initial values of v,(0,x) (0 < n < co) from the initial conditions
for ¢; and ¢

(B.1)

ko
61(0>X7y) = k_UO 0 X +Z¢1n Un 0 X)
c(0,x,y) = ” 0(0,x) +Z¢2n YR (0, %).

(B.2)

6Results 1 and 2 have been obtained for moderate and high values of Damkoéhler number. For

low values of Damkodhler number, )

1., and v2 ) depend on y as well (Result 3) and this analysis
is not valid.
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Averaging the two above equations on Y}, accounting for the compatibility condi-
tion of the spectal problem (3)

W10) + (o) =0, (B.3)

we obtain

(c1(0,x, y)>f + <C2(O,X,}’)>f = <\/::j—|— \/%> v0(0, x). (B.4)

For n # 0, let us multiply the first equation (B.2) for ¢; by k191 ,, and the second
equation for ¢y by ka12,,. By integration on the fluid domain Y}, accounting for
the orthogonality condition (A.9) and the compatibility condition (B.3), we get

o <k1¢1,ncl (07 X, y) + k2¢2,n02(0a X, y)>f
v,(0,%x) = o )

(B.5)
If the initial conditions ¢;(0,x,y) = ¢"(x) and c3(0,x,y) = ¢i(x) are uniform
in each cell (the initial distribution of the concentrations does not depend on y),
we have using the compatibility condition (B.3)

_ ke (x) — kacy (x)

k1 + Fo

Un(O,X) <¢1,n>f . (B'G)

Finally, it is important to note that, due to the relation (B.3), the total concentra-
tion of the two chemical species is only given by the first term of the development

(B.1)
(1) + () = (\/%* \/];i;) vo(t, x) (B.7)

whereas the deviation from the chemical equilibrium is given by

Ble) =k (el = 37 (b (i) = ke (") exp (= Aat) va(t, %)

n=1
00

= ) (k1 + ko) (1) exp (=Aut) vn(t,%). (B.8)

n=1

It clearly appears from (B.8) that deviation from chemical equilibrium at the main
order is given by the first non-zero eigenvalue A}, which is the smaller one, due to
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the fast exponential decay for the larger ones. That is the reason why in Results
1 and 2 only the first non-zero eigenvalue A} has been considered. Moreover,
expression (B.8) reveals that if only the first zero eigenvalue A\j = 0 is considered
in the homogenized models, the chemical equilibrium is instantaneously imposed
as the right hand side of (B.8) vanishes. That is in contradiction with the physics
at (very) short times.
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